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1 Introduction 

We continue our investigations into complex and p-adic variants of H. M. Stark's conjec- 
tures jBi] for an abelian extension of number fields K/k. We have formulated versions of 
these conjectures at s = 1 using so-called 'twisted zeta-functions' (attached to additive char- 
acters) to replace the more usual L-functions. The complex version of the conjecture was 
given in |So3j . In |So4j we formulated an analogous p-adic conjecture in the case where K 
is a (totally) real ray-class field over /c, as well as a third 'combined' version that related 
the two previous ones in this case. (For numerical verification of the combined conjecture, 
see |R-Sj V All these conjectures are stated in terms of group- ring- valued regulators similar 
to those used in jRuj to formulate fine 'integral' variants of Stark's conjectures at s = 0. 

In Section|21of the present paper we restate all three versions of the conjectures mentioned 
above (designated respectively CI, C2 and C3) in the context of an essentially arbitrary, real 
abelian extension K/k. However, we give only the most 'basic' forms of these conjectures i.e. 
without any integrality conditions on their solutions, since these conditions are of little direct 
concern to us in the present paper. (See, however. Remarks 13 . 31 and l6 . Ij) . Instead, our aim - 
introduced in Sectional- is to focus on a new aspect of Stark's Conjectures: under suitable 
conditions both CI and C2 predict the existence of 'special' elements in the rth exterior 
power of Q ®i E{K) over the group-ring QGal(i^/A;) (where r := [k : Q] and E{K) denotes 
the unit group of K). We consider the possible behaviour of these elements as K varies in 
a cyclotomic Zp-tower K^o = U^o More specifically, under the additional hypothesis 
that p is unramified in k we formulate a property 'PI' which requires, roughly speaking, 
that there exist solutions of the complex conjecture CI for all Kn/k, n > 1, all coming 
from a single element r] of a module /\^ QSoo, which is the exterior power over QGal(-ft'oo/^) 
of the norm-coherent sequences of (global) units in the tower (tensored with Q). Property 
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PI is shown to hold in a large infinite class of cases with K C Q^^. (Arguments given in 
Section 121 make it seem plausible that PI should hold rather more generally. However, this 
is hard to verify, even numerically, since doing so would seem to require explicitly verifying 
CI throughout the tower). We also enunciate an analogous property 'P2' concerning the 
existence of such an rj giving the solutions of the p-adic conjecture C2 for the Zp-extension 
(same p\) that is, for each Kn/k with n larger than an explicit constant n2. We show that 
the p-adic Property P2 follows from the complex one PI (with the same rj) provided we 
assume also the combined conjecture C3 for all Kn/k with n>n2. 

Apart from their intrinsic interest and simplicity, the main motivation for introducing 
properties PI and, especially, P2 is revealed in Section HJ First, under the strengthened 
hypothesis that p splits in k, we construct a doubly infinite sequence of 'higher' p-adic 
regulators TZt^n on /\'" Q£^oo by replacing the (p-adic) logarithm in the usual group-ring-valued 
p-adic regulator with twisted, generalised versions of the Coates- Wiles homomorphisms. We 
then consider a putative identity between two elements of the group-ring CpGal{Kn/k) for 
some given n > n2 and m G Z. The first element comes from the p-adic twisted zeta-functions 
of the extension Kn/k evaluated at s = m. The second element is (up to an explicit algebraic 
factor) the value of TZi-m,n at a hypothetical element rj of /\^ QSoo- Thus it is, essentially, a 
determinant of '(1 — m)th logarithmic derivatives at level n' of norm-coherent sequences of 
global units. The existence of an rj satisfying this relation for m = 1 and all n > n2 amounts 
to our p-adic Stark Conjecture C2 for each Kn/k with n > n2 as strengthened by saying 
precisely that rj satisfies Property P2. On the other hand. Theorem 14.11 (the main result of 
this paper) shows that if rj satisfies our relation for infinitely many pairs (m, n) with m G Z 
and n > 77-2, then it satisfies it for all such pairs. The immediate consequence is, of course 
that if rj satisfies P2 then it also satisfies a new, 'special value conjecture' of Stark type 
for p-adic twisted zeta-functions at any integral s (and this for each extension Kn/k with 
n > ^2). 

In the case = Q of course, a link between the Leopoldt-Kubota p-adic L-function 
and norm-coherent sequences of cyclotomic units was already observed by Iwasawa in |lwj . 
Moreover the use of the Coates- Wiles homomorphisms to make this connection is now well- 
known (see e.g. | Waj ) . One way to view the present paper is as an explanation of how a 
strengthened p-adic Stark Conjecture at s = 1 leads to a related and rather precise connection 
for twisted zeta-functions and more general K/k as above. On the other hand, a theory due 
to Perrin-Riou proposes extremely general links between norm-coherent sequences in the 
first cohomology of a p-adic representation of Gal(Q/Q) and an associated p-adic L-function 
(whose existence is partly conjectural. See |PR2j for details). If this latter theory, or an 
extension of it, could be made to produce explicit predictions for L-functions of the extension 
K/k, then interesting comparisons with our conjectures might follow. So far this seems only 
to have been done in the above known case of the conjectures, namely k = Q (see e.g. |PRlj 
and references therein). 

In section El we give the proof of Theorem 14.11 which relies at base on a well known 
uniqueness principle in p-adic analysis stating roughly that a non-zero p-adic power series 
with bounded coefficients can have only finitely many roots in Cp. To apply this principle we 
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use the theory of p-adic measures and results of Dehgne and Ribet on the analytic behaviour 
of p-adic L-functions attached to characters of Gal{Kn/k). Global Gauss sums intervene in 
relating the p-adic L-functions to our p-adic twisted zeta-functions, so the proof also requires 
a rather intricate comparison between these sums and a certain product of local Gauss sums 
that appears naturally elsewhere. (It should be possible to avoid all Gauss sums by using the 
twisted zeta-functions directly. However, since their p-adic behaviour is less well-understood 
that of L-functions, we have so far done this only for certain classes of real-quadratic k, 
using different methods coming from |Solj .) 

Finally, in Section IHl we show how PI and P2 can be weakened by 'enlarging' /\^ QSoo to 
Qp . where, is the module of norm-coherent sequences oi p-semilocal units 

in the tower and the exterior power is taken over the appropriate completed p-adic group- 
ring. Thus, for example, P2 weakens P2 by assuming only that there exists an element 
r) e Qp t\ whose projection to the nth level is in the module of exterior powers 
of global units of for all n and that this projection is also a solution of C2 for Kn/k if 
n > n2. The higher regulators TZt,n 'extend' to Qp /\^ l^oo and the same methods as 
in the preceding sections show that the weaker existence hypothesis P2 implies the weaker 
conclusion that there is exists an element r) G Qp /V which is global at each finite 
level and satisfies the special value conjectures at all s G Z and n > n2 (namely, r) is the 

element satisfying P2). 

Some Notation: For the rest of this paper we fix the totally real number field k 
considered as contained in Q C C. In addition to the above notations, we shall write O 
for the ring of integers of /c, c/^, G N for its absolute discriminant and 5*00 for the set of its 
infinite places. The latter may be identified with the (real) embeddings of k into Q which we 
denote ri, . . . , Xr and for each i = 1, . . . , r we fix once and for all an element fj G Gal(Q/Q) 
extending r^. For any m G Z>i we write for the group of all mth roots of unity in Q and 
Cm for its specific generator exp(27rz/m). 

2 Basic Conjectures 

We start by restating Conjectures 3.1, 3.2 and 3.3 of |So4j . referring to ibid, for many of the 
details. First, recall the definitions of the functions $m,T and $m,T,p- Let m be a cycle for k, 
namely a formal product qi where g is a non-zero ideal of O and 3 is (the formal product of) 
a subset of ^oo. The ray-class group and the ray-class field of k modulo m will be denoted 
Clm(/c) and k{m) respectively (thus k C /c(m) C Q). Let T be any finite subset of prime 
ideals of O. We defined in po3, So4j a function of one complex variable s taking values in 
the group-ring CGal(A;(m)/A;) by setting 

CGClm(fc) 

Here is the element of Gal(/c(m)/A;) associated to c by the Artin isomorphism and ^Zt{s\ c- 
tt)|^)' is a twisted zeta-function depending on c. We emphasize that in the present context we 
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are not assuming — as has been done in some similar ones — that q is 'prime to T', i.e. that 
'^^pio) = Vp G T. We shall say that g is T-trivial if and only if it is a product — possibly 
empty — of distinct primes of T. Recall that Zt{s:, c ■ roj}^) was defined by a Dirichlet series 
for Re(s) > 1 and that it (and hence also $m,T(s)) is closely related to the L-functions of the 
characters of Clm(/c) (see Proposition I2.1|) . Recall i |So4l Thm. 2.3]) that $m,T(s) extends to 
a meromorphic function on C with at most a simple pole at s = 1 and is holomorphic in C 
iff is not T-trivial. 

The values of $m,T at non-positive integers lie in the group ring QGal(A;(m)/A;) (see |So4| 
Lemma 3.2]). Under certain conditions they can be p-adically interpolated. Let p be any 
prime number. We shall use the following notation. Every x e can be written uniquely 



where uj{x) is a root of unity in and (x) lies in 1 + pZp (in 1 + 4^2 if p = 2). Let M.{p) 
denote the set of integers m G Z<o such that m = 1 (mod p — I) ((mod 2) if p = 2). Let 
D{p) denote the p-adic disc 1 -|- 2Zp and D^{p) the punctured disc D{p) \ {!}. Let Cp be 
a completion of an algebraic closure Qp of Qp. Now fix an embedding j : Q — Cp and let 
it act on coefficients to define a homomorphism from QGal(/c(m)//c) to CpGal(/i;(m)/fc). We 
showed (see |So4| Thm./Def. 2.1]) that if T contains the set Tp of places of k dividing 
then then there exists a unique, p-adically continuous function $m,T,p = '^m,T,p fro^i D^{p) 
to CpGal(fc(m)//c) such that ^m,T,p{rn) = j{^rn,T{rn)) for every m G A4{p). In fact, $m,T,p 
is meromorphic on D{p) and even holomorphic there if g is not T-trivial. It is related to 
the p-adic L-functions which can be attached to the (totally) even characters of C\-rn{k) and 
consequently depends only on g, not on the infinite part 3 of m. (See Proposition 12. II for a 
more precise statement). 

The 'basic' conjectures of |So4j concern the values and $TO,r,p(l) in the case where 

3 is trivial so that /c(m) = A;(g) is a finite real abelian extension of k. Generally, we shall write 
K for such an extension (as in the introduction) and G for GdX{K/k). Given also a finite 
set 5* of places k containing ^oo, we write Us{K) for the group of S-units of K. We define 
ZG-linear, logarithmic maps = XK/k,s,i '■ Us{K) MG and Ai,p = A^^^^^ - ^ : Us{K) 

CpG by setting Xi{u) = EasG ^^"^ Kpi^) = T^aeG^^^pU^i^i^))^'^ ^'^y 
u G Us{K) where log^ denotes Iwasawa's p-adic logarithm. Each such map 'extends' by Q- 
linearity to QUsi^K) := Q®iUs{K). Thus we can define unique, QG-linear 'regulator' maps 
RK/k = RK/k,s and RK/k,p = R^K/kSp ^0^1 the rth exterior power /\qqQUs{K) (notated 
as an additive QG-module) into M.G and CpG respectively by setting Rx/kiui A ... A Ur) = 
det{Xi{ut))lt^i and Rx/kA^i A . . . A m^) = det{Xi^p{ut))l^^^ for all Mi, . . . G QUs{K). 

In the case K = ^(g), we write Gg for Gal(fc(g)/A;) and let S'(g) be the set of places of k 
dividing g together with the infinite ones. Conjecture 3.1 of jSo4j then reads as follows 

Conjecture Cl(A;,g,T) Suppose that g is not T-trivial. Then 



as 



X = Lj{x){x) 




(1) 
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Note that the conditions of this conjecture aheady imply that $5,^(1) ^ MGg (see Lemma 3.1 
of jHoSj). A p-adic analogue (Conjecture 3.2 of |So4j ) can be formulated as 

Conjecture C2{k, Q,T,p) Suppose that T contains Tp and that g is not T -trivial. Then 

*g,T,p(l) = ., r^..^ TT^mikM for some rj G Aqg^ QUs(s){k{g)) (2) 

Finally, we also made a combined conjecture (Conjecture 3.3 in |So4j ): 

Conjecture C3{k, g, T,p) Under the conditions ofC2{k, g, T,p) there exists a simultaneous 
solution rj G AqGb Qf^s(s)(^(fl)) of both (CP and 

In dU and © the rational normalising factor 2*"/ (Hper ^P) could of course be absorbed into 
?7 but it is more convenient to keep it. The dependence of 77 on T and the choices of the fj — as 
well as its indepedence of j in — are explained in § 3.2 of |So4j . In § 3.3 ibid, we examined 
the relations between these conjectures and Stark's original conjectures as well as the complex 
and p-adic variants given by the author, Rubin, Serre etc. (see jSo3j . |Ruj . |l'aj . . .). A 
refined version of Conj. C3{k, g,T,p) was formulated as Conjecture 3.6 of |So4j . This was 
the conjecture tested numerically in |R-Sj (always with k quadratic and g prime to T = Tp). 

Now let K he a. general finite, real, abelian extension of k with group G. The above con- 
jectures generalise easily from the case K = k{g) by 'taking norms from the conductor field'. 
More precisely, if K' is any other such extension containing K, with G' := Gal{K'/k), we 
shall write ttk' /k for the restriction G' — > G, linearly extended to a homomorphism of group- 
rings. The norm homomorphism N^'/k defines a vrx'/i^-semilinear map from Us{K') into 
Us{K) for any S", so it induces a homomorphism (also denoted N^'/k) from Aqg' Q^si^') 
to /\q(jQUs{K), for which one checks easily that 

Rx/k O Nk'/K = T^K'jK o -Rx'/fe (3) 

The conductor f(-ft') of K is the largest ideal f of (9 such that k d K C. k{^). It can be 
determined by local analysis of ramification (see (j^ ). In particular, S{^{K)) equals Sram = 
Sram{K/k) which we define to be the set of finite places ramified in K/k (which are also 
those ramified in k{^{K)) / K) together with Soo- Let T> = V^/q denote the absolute different. 
For any T we denote by f'{K) and V the prime-to-T parts of f{K) and V respectively (in 
the obvious sense) and define a function ^K/k,T '■ C \ {1} CG by setting 

^K/kAs) ■■= NiriK)vr-WiKK))/K{^mAs)) (4) 

If p is a prime number and T contains Tp then there exists a p-adically continuous function 

^K/k,T,p = ^i]k,T,p ■ ^^(P) ^p'^ such that ^K/k,T,p{'^) = Ji^K/kA''^)) every m G 
M.{p). Indeed such a function is clearly unique and given by 

^K/k,TA^) := {N{f\K)V')r^'n,^^^K))/A^fiK),TA^)) (5) 
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If f{K) is not T-trivial then ^K/k,T and ^K/k,T,p extend to holomorphic functions on C and 
D{p) respectively. 

Remark 2.1 In |So3j a complex function ^^^t rather more general than ^K/k,T was 
defined by a similar process, but without the factor N {K)!)')^'^ . Of course, neither this 
nor the factor i^N {f {K)'D'))'^~^ in (0) has any effect on conjectures about values at s = 1. 
Both factors are introduced here for purposes of 'normalisation' and for conjectures at other 
integral values of s. 

Now take K' = k{f{K)) and apply T(k{](K))/K to (H)) and © with q = f{K). Using 
(with K' = k{f{K))) and replacing Nk{f(K))/K'>] by r], we see that Conjectures Cl{k, f{K),T), 
C2{k,f{K),T,p) and C3{k,f{K),T,p) imply respectively 

Conjecture Cl{K/k,T) Suppose that f{K) is not T-trivial. Then 

*j^/fc,T(l) = /-^T-r —Rx/kiv) for some r] G Aqg Qf^wl^) (6) 

Conjecture C2{K/k,T,p) Suppose that T contains Tp and f{K) is not T-trivial. Then 

$i^/fc,T,p(l) = -77=77^^ —RK/k,p{v) for some ri e /\QaQUsram{I<) (7) 

j(v4)llpeT^P 



Conjecture C3{K/k,T,p) Under the conditions of C2{K/k,T,p) there exists a simultane- 
ous solution Tj G /\QQQUsram{K) of both (0j and 

It will sometimes be convenient to use the phrase 'a solution of Cl{K/k,T)^ (resp. of 
C2{K/k,T,py, resp. of C3{K/k,T,py) to mean an element rj of Aqg Q^-Sraml-^) satisfy- 
ing © (resp. (0), resp. © and ((Tj)). 

Remark 2.2 If is any non- T-trivial ideal, then Cl{k{g)/k,T) implies Cl{k,g,T) provided 
that the ideal f(fc(s)) is also non-T-trivial. (This is the case, for instance, if f{k{Q)) = g, i.e. if 
g is a conductor). Indeed if we set K = k{g) then f{K) divides g and K also equals k{f{K)). 
Theorem 2.1 of |So4j then implies that <l'g^T(l) is a multiple of $f(x),T(l) = ^K/k,T{^) in 
CGal{K/k) so that (jHI) implies (0). Similar arguments work for C2 and C3 with similar 
restrictions. 

We record some basic notations and results to be used in investigating these conjectures. 

Lemma 2.1 Suppose that K' D K as above and (for simplicity) that Sram{K'/k) equals 
Sram{K/k) and is disjoint from T . Then 

T^K'/Ki^K'/kA'"^)) = ^K/kA-'^) 

Proof f{K') has the same prime factors as f{K) and is prime to T, so Theorem 3.2 and 
Remark 3.1 of |So3j give 



6 



Now apply 'nk{\{K))/K to both sides and use 'nk{\{K))/K ° 'r^k{\(K'))/k{\(K)) = t^k'/k ° T^k{\(K'))/K' 



For any profinite abelian group A we write for the group of (degree-1) complex characters 
of A which factor through some finite quotient of A. Any x G gives rise to a p-adic 
character by composition with j which, by abuse, will also be denoted x- So also will the 
associated characters (complex or p-adic) of Ga\.{k{^{K)) / k) and C\^(^K){k), obtained from 
X via 7!'k{f{K))/K and the Artin map respectively. The conductor f{x) of x is that of the 
subextension K^^^^^^k that it cuts out. Thus f{K) = f)f(x) for some integral ideal f). We 
write f (x) and [)' for the prime-to-T parts so that f{K) = f)'f(x) and and f) = f)'f)o where 
f)o has support in T. We write x for the unique, complex or p-adic primitive character on 
C\f(^){k) associated to x and x(a) for its value on the class of an ideal a which is prime to 
f(x). If X is complex then the Gauss sum gf{x){x) ^ defined in |So3l §6.4] will be denoted 
simply g{x). If x is p-adic, x = j °4> then we define g{x) G Cp to be j{g{4>))- (Note that this 
is not independent of the choice of j.) With these conventions the following result relates 
^K/k,T{s) and ^K/k,T,p{s) to the (primitive) complex andp-adic L-functions, denoted L{s,x) 
and Lp{s, x) respectively. 

Proposition 2.1 Suppose that x is complex and s G C \ {!}, respectively x ^■5 p-adic, 
T D Tp and s G D^{p). If f)o is a product oft>0 distinct primes not dividing f{x) then 



and dH) (twice). 



□ 



xi^K/kAs)) = {-iyx-\i)o)gmm'ix)v')r-' n 



p prime 




p\ti'. Ptf(x) 



p prime 



n 




per, |jtf(x) 
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respectively 



xi<^K/k,TAs)) = {-iYx-\i)o)g{x){N{nxmr' n 



p prime 




p|f)', Ptt(x) 



n 




per, ptpf(x) 



(9) 



Otherwise 



xi^K/kA-"^)) = 0, 



(10) 



respectively 



x{^K/k,TAs)) = 



(11) 
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Proof This follows easily by Equations (@]) and © from Theorem 2.2 and part (iv) of 
Theorem/Definition 2.1 of |So4j . □ 

The behaviour of L- functions in a neighbourhood of s = 1 shows that the R.H.S. of (jHI) 
and Q define analytic functions there whenever x is not equal to the trivial character or 
f(-ft') is not T-trivial. In particular, taking limits as s — >■ 1, we obtain 

Corollary 2.1 If f{K) is not T-trivial then Equations (0), (0^, (03) O'lT'd / liij) also hold for 
s = 1 and any character x of G. (For x = Xo> '^^ must take lims-+i on the R.H.S. in (0) 
and □ 

For any % G we write for the idempotent \G\~^^^^qx{'^)'^~^ ^ CG* and for any 
S D as above we set 



riS,x) := dimcie^CUsiK)) 



r + |{prime ideals q e S : xlciq) = 1}| if x 7^ Xo 
r — 1 + I {prime ideals q G S*}! = l^l — 1 if x = Xo 

(12) 

(Here G{q) denotes the decomposition subgroup of G associated to q. For the second equality, 
see jTa| §§1.3, 1.4].) Then Proposition 12. II shows that 



T is prime to f{K) =^ ord,=i(x($i^A,T(s))) = r(S™„(K), x) - r \/x e G^ (13) 

If 7^ 5*00 then r{S, x) ^ ^ '^X ^ ■ this case, we denote by es,G,r (respectively e5,G,>r) 
the sum of the idempotents e-^ G CG for those x with r{S, x) = (respectively r{S, x) > r). 
Clearly, r{S,x) depends only on the Gal(Q/Q)-orbit [x] of x (so we write also r{S, [x]))- 
Hence es,G,r is a sum of e[^]'s where e[^] := J2x'&[x]^x' ^ similarly for es,G,>r- In 

particular, es,G,r and es,G,>r are complementary idempotents of QG and es,G,>r '■= \G\es,G,>r 
lies in ZG. For any G-module A we let A^^''^'^'^ := ker e5,G,>r|^- If A is also a Q-vector space 
(and S 7^ 5*00) then A^^'^'^^ = es,G,rA = 0^(-_5 j^j-,^^ ei^^jA on which the QG-action factors 
through the quotient ring es,G,rQG = Y[r{s [x])=r-^[x\- H^^e Fj^^j denotes e[-^]QG which is a 
field (isomorphic to Q(x) via x)- 

Lemma 2.2 If S S^o then RK/k,s is injective on (/\q^ Qf/5(ir))['5'^''^l. 

Proof One can deduce this lemma from the existence of a solution of Gl{K/k,^) {cf. the 
proof of Proposition 3.8 (i) in |So4j ) and this would suffice for our applications. However, 
it also follows unconditionally from Remark 2, §1.6 of jPolj . Indeed, the module C (S>(q 
{f\qQQUs{K)y^''^'^^ in our notation coincides with Popescu's '(C/\' Us,T)r,s' (the set T is 
irrelevant here and may be chosen conveniently). Moreover, the C-linear extension of our 
map RK/k,s coincides (up to sign) with Popescu's 'Rw' on C /\^ Us^t provided we take his 
'wj' to be the places defined by our fj, for i = 1, . . . ,r. Popescu's context is function-fields 
but his proof goes over to number fields without real change. Note also that the Lemma 
actually holds without the assumption S 7^ Soo- □ 

As we shall see later, if a solution of © exists then certain conditions imply that one exists 
in the subspace (Aog 

QUsramiK)^^^---'^^'^ and, using the above lemma, that such a solution 
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is unique. The other interest of this subspace comes from the fact that every element is a 
Q-multiple of a wedge product of actual units of K (provided that Sram contains at least 
two finite places). More precisely, if e G E{K) = Us^{K) is such a unit then we shall write 
e for its image 1 in QE{K) C QUs{K). The kernel of the map e e is E{K)tor = {±1} 
and we have 

Lemma 2.3 Suppose that S contains at least two finite places. Then every element of 
(Aqg'Q^S'(^))''^'^'''' can be written A. . . Ae^ for some c e N and ei, . . . ,er e E^K^^'^'^'l 

Proof Let x be an element of G^. It is easy to show that dimF^^^{e[^]QUs{K)) = 
dimcie^CUsiK)) = r{S,x) and similarly that dimF^^^{e[^]QE{K)) = r(Soo,x)- But the 
condition on S shows that if r{S,x) = r then X Xo so r{Soo,x) also equals r. Hence 
e[x]QUsiK) = e[^]QE{K) for all such [x]. Summing, we deduce that (QUsiK))^^'^'''^ equals 
{QE{K)y^'^'''^ = Q(E(ir)[^'^'^]) and is free of rank r over U[x]^lx] = QG^^'^'''^. Conse- 
quently, every element of (Aqg = AqgI^^g-i ((Qf^sl^))^^'^"'^^) can be written 
as Ml A ... Am^ with . G Q(E(ir)[^'^''^]). □ 



3 Zp-Extensions 

For the rest of this paper we fix an extension K/ k with Galois group G, a prime number p 
and an embedding j : Q — >■ Cp all subject to the hypotheses of the previous section as well 
as the following conditions 

p ^ 2 (14) 
Sram{K/k) coutaius at least one finite place not dividing p (15) 

and 

p is unramified in /c/Q (16) 

Condition (|14p will be convenient but not necessary in all that follows. Conditions (jl5|) and 
(fTBj) could possibly be weakened for this section but (fTBj) anyway will need to be strengthened 
for the next. 

For = 0, 1, 2, . . . let B„ be the unique subfield of Q(/ipn+i) which is cyclic and of degree 
pn QYQj- Pqj^ a^j^y abelian extension L of k we write L„ for LB„ (so Lq = L). Thus 
is a totally real abelian extension of k with group Gn say. It is cyclic over K of degree 
dividing p". We let Koo be IJn>o-^"' cyclotomic Zp-extension of K and write Goo for 
Gal(ii'oo/^)- Let ni = ni{K,p) be the smallest integer n such that Kn/Q is ramified at 
all primes above p. Thus ni = or 1 and Condition (fT^ implies that the set Sram{Kn/k) 
equals S = T,{K/k,p) := Sram{K/k) U Tp for all n > rii hence it contains at least two finite 
places by Condition (fT^. In particular, f{Kn) is not 0-trivial, so ^K„/k,$ is holomorphic and 
Cl{Kn/k,^) makes sense. 

Lemma 3.1 Suppose n > ni and t] is a solution of Cl{Kn/k^^) then ej]^Gn,rV is the unique 
solution lying in (Aqg Qt^E(i^n))'^'^"'''' 
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Proof The condition that 77 be a solution of Cl{Kn/k, 0) is clearly equivalent to 

2'" 



--X{RkMv)) = x(<fx„A..0(l)) Vx G Gi (17) 



To show that eE,G„,r^? is also a solution, we must deduce that (fTTj) also holds with ej]^G„,rV 
place of T]. But x(^i^n/fc(es,G„,r??)) is equal to x(es,G„,r)x(^i^„/fc(^)) and hence to xiRKn/kiv)) 
or according as r(S, x) = r or r(S, x) > ^1 and in the latter case, ()13p shows that one also 
has x{^K„/k,%{'^)) = 0, as required. It is clear that e^^G„,rV lies in (/X^^^ Q[/s(-f^n))'^'^"'''' 
and the uniqueness follows from Lemma f2. 21 □ 

We shall be concerned primarily with the complex functions ^K„/kfi and ^Kn/k,Tp (for n > rii) 
as well as the p-adic function /j^j- ^ which interpolates ^Kn/k,Tp- When no confusion is 
possible we shall abbreviate these three functions respectively as $„, $n,(p) and ^n,p and 
similarly write Rn and Rn,p for Rxn/k^T. and R^^/k s p- write also Vn for the Q- vector space 

Aqg„ QUj:{Kn) and for its subspace vJP'^"'"^ which identifies with (Aqg„ Q^(^n))t^'^"'"l 
for n > ni, by Lemma [2 .HI Lei txs assume that Cl{Kn/k, 0) /ioWs /or all n > rii. Lemma ITT] 
implies that it has a unique solution in V^, which we denote rjn, so that 

-.RniVn) = ^nil) Vn > (18) 



v4 

Observe that Lemma f2. 31 also implies that for each n > rii we have 

Vn = ^^i,n A ... A er,n for somc c„ G N and • • • £r,n e E(ir„)P'^"'^] (19) 

Now, the sequence {rin)n>ni is coherent with respect to norms: Suppose n > m > rii and write 
Nn/m and 7Cn/m instead of NK„/Km and nxn/Km respectively. Then Equation (jSj) (with S* = S) 
implies that Rm{Nn/mVn) = TTn/m{Rn{Vn)) and LemmaEHJimplies that 7r„/^($„(l)) = $^(1)- 
Applying Hn/m to (fTS|) . it follows that Nn/mVn is a solution of Cl{Km/k,(!i). (Incidentally, 
this argument also shows that Cl{Kn/k,^) holds for all n > ni iff it holds for infinitely 
many n). Moreover, if x G Gj^ then x ° '^n/m G G'l and it is easy to see that r(S,x) = 
r(E,x o 7in/m)- From this it follows without difficulty that vr„/m(es,G„,>r) = eE,Gm,>r- Thus 
the 7r„/„-semilinearity of Nn/m gives es,G„,>rA^n/m'7n = iV'n/mes,G„,>r^n = 0. Therefore 
Nn/mVn hes in and by uniqueness it follows that Nm/nVn = Vm- In particular, 

iVn)n>n, G lim{ Aqg^Q^I^") ■ n > Hi} C lim{AQc„Qf^s(i^n) : > m} (20) 

where the limits are taken with respect to the norm maps Nn/m- 

The core idea of this paper is to investigate the consequences of a stronger hypothesis 
than ()20|) in which, very roughly speaking, one reverses the order of the functors lim and 

A*^ Q®z on the right hand side. Now, on the one hand limf/s(-^n) equals \\mUTp{Kn) (since 

the primes above any finite prime q ^ Tp are inert and unramified in Koo/K^ for some 
N = N{q)). On the other, the consequences we have in mind will require norm-coherent 
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sequences of elements which are units locally at primes above Tp. We therefore consider 
the existence of elements of /\^qq^QSoo{K) where Soo{K) := lim£'(i^'„) and QSoo{K) = 

Q ®z Soo{K) is treated as a module for the (uncompleted) group- ring QGoo- We shall write 
E for the image of an element e G Soo{K) in Q£^oo(-^) and, for each n > tt-i, we denote by Pn 
the homomorphism from AqGoo '^^oo{K) to Aqg„ Q-^(-^n) (both notated additively) which 
sends A ... A £^ to A ... A 6r,n- For any K/k and p satisfying (fT^ and (fTUI) we 
formulate the 

Property Pl{K/k,p) There exists rj G AqGoo Q^oo(-^) such that, for every n > n\, f3n{v) 
lies in and is a solution of Cl{Kn/k,^) (the unique solution in V^) i.e. 

$„(!) = 4^i?„(/3„(r/)) Vn>ni 

(We shall say that rj demonstrates Pl{K/k,p)). 

Remark 3.1 It is unclear at present whether we should expect this for every such pair 
{K/k,p), which is why we have called it a 'property' (that may or may not be possessed) 
rather than a conjecture. 

Remark 3.2 Any rj demonstrating Pl{K/k,p) may be written as a finite sum 

w 

r/ = ^— iS"-) A...Al("') (21) 

w=l 

where each is a positive integer and each ef"^ is a norm-coherent sequence {£i^)n>ni with 

e\^J G E{Kn) for each n. The condition /?„(r7) G implies that r]n = Pniv) satisfies (fTT^ for 
each n > ni. However, the same assumption at the infinite level (namely that we may take 
W = 1 in (I2U)) appears to be a strict strengthening of PI. We shall not consider it further 
here except to note that it does hold in all the cases with K/Q abelian so far considered (see 
Example 13.21 below) . 

Remark 3.3 Let us define the denominator of an element rj G Aqg Q-^(-^n) ^) 
to be the smallest positive integer d such that drj lies in the lattice which is the image of 
AzG„ ^i^n) in Aqg„ Q-^(-^n)- Property Pl{K/k,p) implies in particular that the unique 
solutions of Cl{Kn/k,(l)) lying in have bounded denominators as n increases. (Indeed, if 
?7 is given by ()2H) and demonstrates Pl{K/k,p), then for each n > ni, the denominator of 
Pniv) clearly divides the l.c.m. of the c^'s.) 

We consider some special cases of Pl{K/k,p). 

Example 3.1 The Case A; = Q. In this case r = 1, i^' is an abelian field and Condition (fT3jl 
implies that f{K) = f'p^°'Z for some /' G prime to p and Uq > 0. For every n > Ui 
we have f(-ft'„) = /n^ where /„ := j'pmax(no,n+i) ^YiqX k{f{Kn)) is the real cyclotomic 
field Q(C/„)'''- For each n > ni we let e„ = ei^n be the norm from Q(C/„)''' to Kn of 
(1 - C/„)(l - C7„^). Then it can be shown that rjn := -|£n lies in = (QE(ir„))P'^"'^l and 
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that if we take f = = 1 e Gal(Q/Q) then r/„ is a solution of Cl(ir„/Q, 0). (See e.g. [Sol 
§ 3.5] for the case in which Kn equals Q(C/„)^- The general case follows by 'taking norms'.) 
Now, is easy to check that the sequence {en)n>ni is norm-coherent (in fact, this coherence 
is already a consequence of at least up to ±1). Therefore r] := — ^ (g) {en)n>ni lies in 
QSoo{K) and rjn = Pn{v)- So r] demonstrates P1{K/Q,p). 

Example 3.2 The Case K/Q Abelian. This generalises the previous case inasmuch as 
it does not assume that k = Q. In this case, we shall use the methods of |Po2l §3] to sketch 
a proof that Pl{K/k,p) holds under ()14|1 . (|T5|) . (|T6|) together with the additional hypothesis 

Ti{K/k,p) is precisely the set of places in k above Ti{K/Q,p) (22) 

This allows us to 'base change' from the previous example, using induction. Note first that 
the fixed, extended embeddings fj for i = 1, . . . , r (used to define the \Kn/k,i for any n) form 
a set of coset representatives for Gal(Q/fc) in Gal(Q/Q). For each n > ni{K,p) the group- 
ring CGal{Kn/Q.) may be considered as a free module over CGn = CGaA{Kn/k) with basis 
provided by {fi\K„, • • • ; '^r|ii'„}- For any x G CGal(K"„/Q) we write detcG„(a;) G CGn for the 
determinant of multiplication by x and, to avoid confusion, we shall denote by rjn{K/Q) and 
r]{K/Q) respectively the elements rjn G QE{Kn) and r] G Q£oo{K) described in the previous 
example. Using the fact that rin{K/Q) is a solution of Cl{Kn/Q,^) and calculating detcG„ 
by means of the basis described above, we find easily that 

detcG„(|$x„/Q,0(l)) = detcGA>^KjQ,iiVniK/Q))) 

= RKjk{fi'Vn{K/Q)A...Af;'r]n{K/Q)) (23) 

for all n > rii (provided that \k„/q,i is defined taking 'fi for Q' to be 1, as in the previ- 
ous example). On the other hand, it follows from |So3| Thm. 5.1] that for n > rii, the 
elements ^^K„/Q,i!)i'^) and ^^$i^^/fc^0(l) are equal respectively to the elements which would 
be denoted O';^„/q,5(0) and QKi/k,s'i^) l^l' '^here S = E{K/Q,p) and S' = T.{K/k,p). 
Condition therefore puts us in the situation considered by Popescu and his Equation (3) 
implies that ^^K^/k s'^^) ~ detcG„(0'ii:„/Q Putting this together with shows that 

^$^„/,,0(l) = RKM^{\a{K/Q) A ... A f;'r^n{K/Q)) 

Also, since r]n{KlQ) lies in (Q^(K„))P(i^„/Q,p),Gai(/r„/Q),i] ^ ^M^i, an argument 
in jE2] shows that f^^^a{K/Q) A ... A f-^rin{K/Q) hes in (Aqg„ Q^(i^„))t^^-^"/^'^^'^"''^l. 
Hence it is a solution of Cl{Kn/k,^) whenever n > ni and it follows immediately that 
f^^ri{K/Q) A ... A f-^ri{K/Q) is an element of Aqg^ Q^oo(i^) demonstrating Pl{K/k,p). 

We have also verified Pl{K/k,p) in certain cases with K/Q abelian for which which (j^^ 
does not hold and it is quite possible that the latter hypothesis is in actually unnecessary. On 
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the other hand, the author knows of no extension of real number fields K/ k with K (f_ Q'^'^ 
and such that even the basic Stark Conjecture Cl{Kn/k,^) has been proven for infinitely 
many n, for some p. This makes it hard to construct further examples in which PI can be 
shown either to hold or to fail. 

Our main object now is to study a p-adic analogue of property Pl{K/k,p), in which, 
roughly speaking, we replace Cl{Kn/k,(!)) by C2{Kn/k,Tp,p). We must therefore start by 
examining the passage from T = to T = Tp for the complex conjecture CI and this in turn 
requires a closer analysis of ramification above p in the extension Koo/k. Let L/F be a finite 
abelian field extension. If L and F are local fields and v G [—1, oo), we recall that G{L/ Py 
denotes the wth ramification group (in the 'upper numbering', see jHil Ch. IV]). If L and 
F are number fields and p is a prime of Op, then G{L/F)^ denotes the fth ramification 
group at any prime ^ of Ol above p, naturally identified with the group G'(Lsp/Fp)'' of the 
completed extension. The upper numbering is preserved under restriction and (since L/F is 
abelian) depends only on [f ] , the 'integer ceiling' of v. Taking F to be k, local and global 
class field theory give the formula 

ordq(f(L)) = min{w G N : ^(L/A;)^ = {!}} for all primes q of (24) 



Lemma 3.2 Suppose that n,v > 1 are integers and let p\p. If v < n then G{kn/k)'"^ = 
Gal(/c„//ct,_i) which is cyclic of order p"'~^~^^ . Otherwise, G{kn/k)^ = {!}. 

Proof Let kn and B„ denote the completions of kn and B„ at the unique primes above 
p and p respectively. Then kn is the compositum of B„ with kp. But fcp/Qp is unramified 
by (fTBj) . We deduce that kn/Qp is abelian and, easily, that the group G{kn/kp)'" equals 
G^kn/QpY ■ Thus it is a subgroup of Gal(A;„/fcp) mapped isomorphically to GiMn/QpY 
by restriction to B„. But the latter group is also the image of G'(Qp(Cpi+i)/Qp)" which 
equals Gal(Qp(Cp-+i)/Qp(Cp«)) H v < n, {1} if not (O Ch. IV]). Thus if v < n then 
GiMn/QpY = Gal(B„/Bt,_i) and so G^kn/kpY equals Gal^kn/k^-i) and is isomorphic to 
Z/p"-^+iZ. Otherwise, G{K/kpY = {!}. Of course, GiK/kpf and Gal(£/C) are 
the images of G{kn/k)p and Gal(A;„//c„_i) respectively under the natural identification of 
Ga\{kn/k) with Gal(A;„/A;p), so the result follows. □ 

Since kn/k is unramified outside p, Lemma HT^l and give f(fcn) = p"'~^^0 for all 
n > 1. If we define f„ to be f{Kn) for all n > (so fo = f{K)) then it follows easily that 

U = l.c.m.(fo,f(A:„)) = l.c.m.(fo,p"+iO) for all n > 1 (25) 

Now define 

n2 = n2{K) = n2{K/k,p) = max({l} U {ordp(fo) : p|p}) = max({ni} U {ordp(fo) : p\p}) 
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(For the fourth equahty, note that rii < 1 and that ordp(fo) = V p\p imphes that K/k is 
unramified above p and hence that rii = 1.) Equation (j25|) imphes that 

the Tp-part of f„ is p'^'^^O for every n > max(l, 77,2 — 1) (26) 

(In particular for every n > ^2). 

Remark 3.4 We are not assuming that the extensions K/k and Kao/k are linearly disjoint. 
Thus if we define na > by i^' fl fcoo = kn^, then it may be that ns > 1, in which case 
pn.3+i(9 — |:(fc^g) divides fo. Thus in all cases n2 > ns + 1, although this inequality may very 
well be strict. 

Lemma 3.3 Suppose that n,v > 1 are integers with v > n2 and let p\p. If v < n then 
G{Kn/k)l = Ga\{Kn/K-i) which zs cyclic of order p''-''+\ Otherwise G{K^/k)l = {1}. 

Proof Equation and the definition of n2 imply that G{K/k)^ = 1. Hence, restricting 
G{Kn/k)'"^ to K we find that it lies in GaX{Kn/ K). The restriction to kn therefore maps it 
isomorphically onto G{kn/k)p. Now apply Lemma f3.2[ □ 

For any x ^ G}^ and any prime q of O we clearly have ordq(f(x)) = minlt; G N : G^Kn/ky^ C 
kerx}. Taking f = n in the above lemma, we see that if n > n2 then [Kn '■ Kn-i] = p and, 
for every x ^ G^, 

(f(x)|p-'f„ for some p\p) ^ x(Gal(ir„/ir„_i)) = 1 ^ f(x)b^'fn (27) 

For each n > 77.2 we write e„ for the idempotent of QGn given by 1—p^^ J2creGsd{K„/Kn-i) ^^'-^ 
note that f„ is not Tp-trivial since p^\\n (or by (fTHjl ). Thus $n,(p) := ^Kr^lk^r^ is holomorphic. 



Proposition 3.1 If n > n2 then $„,(p)(s) = p''("'+^)(^"'')e„$„(s) for all s eC. 
Proof It suffices to prove that 

X{^n,ip){s)) = p'-("+^)(^-^)x(en$n(s)) G G], , V. G C \ {1} (28) 

We use Proposition 12.11 with K = Kn (so f) = f„f(x)~^)and suppose first that there exists 
p\p such that f(x)|P~^fn- The case T = Tp of the said Proposition then has ordp(P)) > 1 but 
also ordp(f„) > 2 from which it follows that f)o is either not square-free or not prime to f(x); 
hence the L.H.S. of equation vanishes (for all s G C). But (f?fjl implies that xi^n) = 
so the R.H.S. vanishes as well. If no such p exists then the Tp-part of f(x) is p^^^O and in 
both the cases T = Tp and T = of Proposition 12.11 every p G T divides f (x) but neither f) 
nor (by (fT^ ) V. Therefore, we can apply (jH)) in both cases to get (for s 7^ 1): 

X($n,(p)(.)) = 9{x)f^''^''>'-'-'^N{f{x)Vr-' n 

p prime ^ 1^ / 

P\t), Ptt(x) 

= /("+^)(^-^V($n(s)) 
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But (j27j) now implies that xi^n) = 1 in this case. So, again, holds. □ 
If 1] demonstrates Pl{K/k,p) then for each n > n2, Proposition 13.11 gives $„_(p)(l) = 
e„$„(l) = {2^ / \/dk)Rn{enl3n{v)) ^iid since (fTH|) implies HpeTp = i follows that, 
for each n > n2, p''enPn{v) is a solution of the complex conjecture Cl{Kn/k, Tp) lying in V^. 
To deduce that it is also a solution of the p-adic conjecture C2{Kn/k,Tp,p) it is necessary 
and sufficient to assume only the existence of some common solution ry^ of Cl{Kn/k,Tp) 
and C2{Kn/k,Tp,p) lying in Vn, that is, a solution of C3{Kn/k,Tp,p). To see this, we use 
the following claim (proved below) 

Claim 3.1 For any such r]'^ (with n > 1) the element e-s^G„,rV'n ^■^ ^^^so a common solution 
ofCl{Kjk,Tp)andC2{Kjk,Tp,p). 

Indeed, assuming this, p^enPniv)) must be equal to ej:,G„,TV'n (since both lie in on which 
Rn is injective), so the former element is also solution of C2{Kn/ k, Tp, p), as required. To sum 
up, we formulate a p-adic property potentially satisfied by any K/ k and p satisfying (UH), (fT3j) 
and (fm|l . 

Property P2{K/k,p) There exists rj G AqGoo Q^oo(-^) ■^'"^^ that, for every n > n2, Pn{v) 
lies in and p'^CnPniv)) ^ solution of C2{Kn/k,Tp,p) , i.e. 

<l>„,p(l) = Rn,p{enl3n{'n)) Vn > n2 

JWdk) 

(We shall say that rj demonstrates P2{K/k,p)). 
The preceding argument gives 

Proposition 3.2 Assume that C3{Kn/k,Tp,p) holds for all n > n2. If rj demonstrates 
Pl{K/k,p) then it also demonstrates P2{K/k,p). 

Proof It remains only to give the Proof of Claim [Ql - It suffices to show (c/. the proof of 
Lemma IXTj) that x{^n,(p){^)) = x('^n,p(l)) = for any x G Gj^ with r(S, x) > r. But for 
any such x the set S(x) := {p G S : x(G(p)) = 1} is non-empty. Moreover, all its elements 
are clearly prime to f(x)- Now apply Proposition 12.11 and CoroUarv 12.11 with K = Kn, 
T = Tp. Suppose first that there exists p G S(x) ^ Tp (for example, if x = Xo)- this 
case, ordp(f)o) = ordp([)) = ordp(f(i^'„)) > 2 by and the hypothesis that n > 1, so that 
x($n,(p)(s)) and x{^n,p{s)) vanish identically. If, on the other hand, S(x) fl Tp = then 
X Xo and each p G S(x) divides f)' thus contributing a factor vanishing at s = 1 to the 
first product on the right-hand sides of (jHI) and ©. The Claim follows. □ 

Remark 3.5 If r/ is of the form given in (PT|) then it is easy to see that for each n > n2, 

w 

■w=l 

where e'}^'' denotes {ef"Jy /Nn/{n-i)£i^ = i^^i^Y / ^i^J-i (the last equality only makes sense 
if n — 1 > ni). 



...Ae 
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4 Consequences of Property P2 



We shall study these by means of the p-adic power series attached by Coleman jCoij to norm- 
coherent sequences in certain towers of local fields. First, some basic facts and notations. 
Let n G Z, > — 1. Since p is fixed, we shall usually abbreviate Cp"+i fo Cn (whenever this 
abuse cannot cause confusion) and identify this element of Q with its image in Cp under 
j. For any subfield L of C or Cp we shall write L„ for L{(n) (so L_i = L) and Loo for 
lJ„>_j^L„. For any closed subfield L of Cp we shall write A{L) for the subspace of L[[X]] 
consisting of those power series h{X) = Yl'i^o^i-^^ whose norm \ \h\\ := sup{|aj|p : i > 0} 
is finite. It is is an L-Banach space under || ■ ||. For any closed and open subset U of Zp, 
we denote by Meas(f/, L) the L-Banach space of of all (bounded) L- valued measures on U 
equipped with the natural norm. 'Extension by zero' allows us to regard Meas(f/, L) as the 
subspace of Meas(Zp, L) consisting of those measures supported on U. Moreover, there is a 
well known correspondence between A{L) and Meas(Zp, L) which is in fact an isometry of 
Banach spaces. (More details of the correspondence may be found in jScl App. 5,6], |Laj 
or |So2j . The p-adic 'Weierstrass Preparation Theorem' implies the following well known 
and useful fact (see e.g. |Wa[ Cor. 7.4]): 

Uniqueness Principle If [L : Qp] is finite then a non-zero element of A{L) can have only 
finitely many roots in {a G Cp : \a\p < 1}. 

Let if be a finite, unramified extension of Qp so that {Hn}n>-i is the division tower over H 
associated to the multiplicative Lubin-Tate formal group (with group law X + Y + XY) over 
Qp. The element 7r„ := — 1 is a uniformiser of if„ for all n > and [p]vr„ = (1 -|- 7r„)^ — 1 = 
TTn-i for n > 1. The Frobenius element of Gal(Lr/Qp) extends uniquely to a continuous 
automorphism of Hoo fixing (n for all n and acts coefficientwise on the ring ifoo[[-^]] of 
formal power series. We let k denote the Lubin-Tate isomorphism from Gal(ifoo/-f^) to 
so that a(7r„) = [K(a)]7r„ = (1 + 7r„)^M - 1 for all a G Ga\{H^/H) and all n. Thus 
Gal{Hoo/H) also acts on Cp[[X]] by letting a ■ f{X) := /((I + X)'^('^) - 1). Let us write 
Uoo{H) for \im{U{Hn) '■ n > 0}, the inverse limit of the local units with respect to the norm 

maps Nj^^^jj^. For each u = (u„)„>o in Uoo{H), it follows from \Co\ Thm. A] that there 
exists a formal power series g G (9h[[-^]]^ such that (j)^^g{7Tn) = Un for all n > and by the 
Uniqueness Principle, any infinite subsequence of these equations determines g in (9//[[X]]. 
Together with norm-coherence this implies that g must satisfy the relation 

n gm + X)-l) = cpg{{l + X f - 1) (29) 

and be independent of the choice of unramified H such that u G Uoo{H). We therefore denote 
it simply g{u;,X). Moreover Gsl{Hao/ H) acts naturally on Uoo{H) and the Uniqueness 
Principle also implies that 

g{au; X) = a ■ g{u; X) Vm G Uoo{H), Va G GdA{H^/H) (30) 
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Let g*{u; X) denote the power series g{u; Xy /(pgiw, (1 + Xy — 1). Simple arguments show 
that it satisfies Hce^ip C(l + X) - I) = I and hes in 1 + Therefore, 

h\u:,X) := -log(/(w;X)) = X) - ly/pi 

defines an element of It follows from the above definitions that 7r„) = 

ilogp(M*) for all n > 1 where := and also that h{X) = h*{u;X) satisfies the 
relation 

^MC(i + x)-i) = o (31) 

If L is any closed subfield of Cp, we let A*{L) denote the subspace of A{L) consisting of 
all power series h G A{L) satisfying (jHT|) . Under the power series/measure correspondence 
mentioned above, A*{L) corresponds to Meas(Zp,L). Two maps from Meas(Zp, L) to itself 
are defined by the operation of multiplying a measure respectively by the functions fi : x \—>- x 
and f2'-x^ llj^'^{x) (the latter extended by zero from to Zp). It is easy to check that 
both maps restrict to isometrics from Meas(Zp , L) to itself. Multiplication by /i corresponds 
to the differential operator D : h{X) i— >■ (1 + X)h'{X) on A{L), while multiplication by /2 
is easily seen to correspond to the map from A{L) to itself given by 

V^:/,(X)^-^|jc.(/)Mai + X)-l) where g{uj) :=Y,Co^-\l) 
P 1=1 1=1 

It follows that D and V restrict to commuting isometrics from A*{L) to itself (under the 
II • ||-norm) as does their composite D = DoV = VoD: A{L) A{L), corresponding as it 
does to the multiplication of a measure by the function /1/2 : a; i-^ (x), extended by zero. For 
any h G A*{L) and any t G Z, positive or negative, we shall therefore write simply D^h {resp. 
&h) for (D|_4.(i))*/i {resp. (_D|_4.(i))*/i) which lies in A*{L) but is obviously independent of 
the choice of L given h. Clearly, D^h = &h whenever {p — l)|t. We can now define some 
twisted and generalised versions of the Coates- Wiles homomorphisms (compare \\Ns\ Ch. 
13] for example). 

If u lies in Uoo{H) then &h*{u] X) lies in Oj:/[[X]]. For each t,n E Z with n > 1 we may 
therefore define a map 



■J "nj 



It is easy to see that 6t,n is a homomorphism {i.e. (jt,n (M1M2) = kn{ui) + ^t,n{u2)) that 

Vn(M) = -logp«) Vn>l (32) 
p 

However, for t 7^ 0, the value of St,n{u) depends on the entire sequence {u*)i>i (or (Mj)i>o), 
not just on m* , indeed we have: 
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Lemma 4.1 Let a G GaA{Hoo/ H) , u G Uoo{H) and suppose that t, n G Z with n > 1. 
Then D*'h*{au]TTn) = {k{o')yD^h*{u; a{7in)) ■ In particular, if a lies in Gal{Hoo/ H„) then 
Kn{cru) = {K(^))%,n{i^} ■ 

Proof For each a G Gal{Hao/H) and h G A*{H) one checks that Da ■ h = k{a)a ■ Dh and 
Vcr-h = uj-^{k{a))a-Vh so that Da-h = {k{a))a-Dh. It follows that D^a-h = {k{a)Ya-&h 
for all t G N. Since a and D map A*{H) bijectively to itself, this equation also holds for 
t G Z. Equation (jHUj) implies that h*{au]X) = a ■ h*{u]X) and the first statement follows. 
The second statement clearly follows from the first by applying (f)~^. □ 

We now return to the global situation and the notations of the last section, with K/ k and 
p satisfying (fT^ and (fT3j) . For the purposes of the present section however, we replace (fT^ 
by the stronger hypothesis 

p splits completely in /c/Q (33) 

Thus pO = pi . . .pr where the are distinct prime ideals numbered in such a way that 
corresponds to the embedding j o : — > Qp. Let L*^*) denote the inertia subfield of pi in 
the extension K^/k. We shall need the following consequence of (jHHj) 

Lemma 4.2 For each i = 1, . . . ,r, the restriction map Ga[{Koo/L^^^) Ga\(koo/k) is an 
isomorphism. In particular = K^o Vi. 

Proof The extensions L^^^k and koo/k and are respectively unramified and totally ram- 
ified at pi so the map is surjective. Now, Gal(-ft'oo/-^^ '•*■') equals G{Koo/k)p.. Completing at 
any prime above pi it follows from (jHHj) that Gal(-ft'oo/-^^ ''*■') is isomorphic to a quotient of 
G{Qp^ /Qp)^ hence of Z^ by local class field theory. On the other hand, Gal(A;oo/^) is itself 
isomorphic to Z^ so the surjectivity implies injectivity and hence both statements of the 
lemma. □ 

Lemma 4.3 Suppose n > v > are integers and i G {1, . . . , r}. Then 

(z). GiL^^/k);^=Ga\iW/Li'l). 

(ii). Ifv>n2 then G{Kn/k)l^ = Ga[{kn/ K^-i). 
(Hi). Lm = Km for all m gN, m > n2 — I. 



Proof For part (i) we complete at a prime of Ln'' above pi. Thus, writing H for the 
completion of L*^*) at pj, it suffices to show that G{Hn/Qpy = Ga\{Hn/ Hv-i)- But for every 
t > —1, Ht is the compositum of H (which is unramified over Qp) with Qp(/Upt+i) so the 



proof may be concluded along similar lines to that of Lemma mutatis mutandis. Part |(ii)| 
follows from Lemma on taking p = pi and replacing K by K{fip) so that K{fip)t = Kt 
for any t G N. (Note that the proof of the Lemma f3 . 21 does not require K to be totally real. 
Also, n2{K{fip)) = n2{K) = rig since f{K{np)) = l.c.m.(fo, f(/c(/ip))) = l.c.m.(fo,pO).) For 
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part |(iii)[ we take v = m + 1 and let n ^ oo in parts and |(ii)| to get Ga\{L^ / Lm) = 
G(lS7^™+i and G3l{K^/Km) = G{K^/k)'^+\ Now apply Lemma lO □ 

We write Goo for GdA{K^/k), A for Ga\{K^/k^) and f(^) for Gal{K^/L^'^) (see the di- 
agram (jHE)))- Lemma 14.21 implies the (internal) direct product decomposition for each 

i e {i,...,r} 

Goo = A X f (34) 

The appropriate restriction maps identify A with the subgroup Gal{K/K fl A;oo) of G and, 
by (jSU, with each of the groups Gal{L^'^^ /k) (which are therefore isomorphic although the 
may be distinct). For each i and each n > —1, we shall write Tn'^ for the subgroup 
Gal(^oo/-^ri'') of f*^*) so that if n > ^2 — 1 then Tn^ = Gal{Koo/Kn) independently of i. Let 
K, : Goo be the cyclotomic character so that 7(^) = C'^*^'^^ for all ( G fip^ := IJn>i A^p" 

and 7 G Goo- Then k factors through Gal(A;oo/fc) and restricts to an isomorphism T^^^ = Zp 
for each i taking f i*^ onto 1 + p""'"^Zp for each n > 0. 

Now fix i and suppose we are given a sequence {vn)n>N for some > such that, for all 
n > N, Vn lies in Ln^ and satisfies: 

ordm(f„) = for all ^\pi and Nf(i),f(i)Vm = m >n (35) 

By taking norms to for each n with > n > we can, if necessary, extend to a 
sequence (f„)n>o (also denoted v) with G L^n satisfying (jH^I) for all n > 0. Let iJ*^*) 
denote the field j o fj(L(*)) (topological closure in Cp) which is a finite, unramified extension 
of Qp. For each 7 G Goo it is clear that the sequence jfi'j^v) := (jTj7(f„))„>o lies in 
f/oo(-ff '■*''). Suppose 7' G Goo fixes Ln^ for some n > 1. Since Koo/Ln^ is totally ramified at 
pi, we must have jfi'yy' = 7'j'fi7 for some 7' G Gal{H^ / Hn^) and the action on /Xpoo shows 
that k(7') = ^(7') = (k(7')). Now apply Lemma WJ\ with if = u = jfi^v and a = 7'. 
We deduce easily: 

Lemma 4.4 Fzx t,n G Z, n > 1 and i and v as above. As 7 varies in Goo ihe value of 
(K(7))^*(5t^„(jfj7t;) depends only on the image 0/7 in Gal{Ln^ /k). □ 

We now define the 'higher p-adic regulators'. Suppose e is an element of £oo{K) as defined in 
the last section. Then, for each n > N := max(ni, n2 — 1) we have G Kn C Kn = L^n for 
i = 1, . . . , r (by Lemma l4.3l|(iii)| and for all n > ^2 — 1 the norm map N^(i)^^(i) = Nj^^^j^^ 
identifies with Nx^/Kn by restriction for each m > n. Therefore f „ = e„ satisfies fl35p for each 
n > N and every i. Clearly, Gal(Koo/-ft'oo) fixes e and lies in the kernel of (k( ■ )). Therefore, 
Lemma 14.41 implies that for each i and all t,n G Z, ri > n2{> max(iV, 1)), the quantity 
(K(7))~Mt^„(jfj7e) actually depends only on the image of 7 G Goo in Gal^KnnKoo/k) = Gn- 
It follows that, for each such i, t, n the following map (depending on j) 

^i,t,n '■ £oo{K) > Of^{i)Gn 
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(where a denotes any lift of o to Goo) is well-defined and ZGoo-linear with ZGqo acting on 
the group- ring Cfv(i)G„ through the quotient ZG„. Suppose n > n2. Then for all a & Gn 
the above definitions give 

jfia^En)* =jTia{e„Y/jfi^r{N~A^),-i^) £„) = jfid{enY /jTid{NK„/K„_^!^n) = ino{{pen)en) 
Putting this together with (jH^ and the definition of XK„/k,i,p, we get 

^i,o,n(£) = ^>^K„/k,i,p{iP^n)£n) = enXKr^/k,i,p{^n) foT each z = 1, . . . , r and n > n2. (36) 

Proceeding by analogy with XK„/k,i,p, we extend each map Ci^t,n linearly to Q£oo{K). Then, 
for each n > n2 and t G Z we define a unique QGoo-hnear, (higher) p-adic regulator map 
Tlt^n from /\q^^QS^{K) to CpGn by letting Tlt,n{ui A ... A u,.) = det {Ci^t,n{yis))i,s=i for all 

Lemma 4.5 IZoAv) = Rn,p{enf3n{'n)) for all ri G /\q^^QSoo{K) and every n > n2. 

Proof By linearity it suffices to prove the equality when rj is of the form £i A . . . with G 
SociK) for 2 = 1, . . . ,r. But then Equation ^ gives 7^o,n(^?) = det{enXK„/k,i,p{^s,n))ls=i = 

Rn,p{^n£l,n A ... A e„e,.,„) = Rn,p{^nPn{v)) ■ ° 

Now let r] be any element of AqGoo ^^oo{K) and m, n integers with n > n2 and consider the 
equation 

^n,p{^) = r-r. '^l-mAv) (37) 

j(v4) 

The main result of this paper is 

Theorem 4.1 Suppose that K and p satisfy ^14\ ), ^B) and (E^- For a given element 
rj G AqGoo Q^oo(-^); Equation P7| ) /ioMs /or a// j^azrs {m,n) G Z x Z>„2 ^/ o^t-c? on/y it 
holds for infinitely many such pairs. 

The proof of this theorem will occupy the next section. Its relevance here comes largely from 
the following 

Corollary 4.1 // fm ), / f73j) and hold and rj demonstrates P2{K/k,p) then it satisfies 
Equation ^37}) for all (m, n) G Z x Z>„2 . 

Proof If G AqGoo ^^ooi^) demonstrates P2{K/k,p) then it satisfies (jHTj) for m = 1 and 
all n > 77-2, by Lemma [4.51 □ 



20 




5 The Proof of Theorem 14.11 

To lighten the notation we shall suppress j, essentially regarding Q simultaneously as a sub- 
set of C and of Cp, whenever this cannot lead to confusion. In addition to the notations A 
and r^'-' introduced above, we set A := Ga\{Koo/koo), T := Gal{koo/k) and T := Ga\{koo/k) 
which we identify with the subgroup Gal(A;oo/A;o) of T in the obvious way (see the dia- 
gram ()38|) ). To further lighten notation we shall regard the isomorphism F = induced by 
K as an identification, under which F corresponds to the subgroup 1 -|- pZp. The restriction 
to Koo gives a surjection from Goo to Goo which, with the above identifications, fits into the 
exact commuting diagram (j39|l . The left-hand vertical map here is injective and we regard 
it henceforth as an inclusion, i.e. we identify A with Gal(i^'oo/-f^'oo H k^o) C A. Lemma 



1* A 



1- A 




(39) 
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shows that for each i = 1, . . . ,r there is a unique injective homomorphism : — > Goo 
with image F*^*) which sphts the top row of (jH^ . Lemma 14 . 3j (iii) | imphes that all the a, agree 
on the subgroup 1 + p"^Zp which they map isomorphically onto Gal{Koo/Kn2-i)- We fix 
once and for all an injective homomorphism a : 1 +pZp — * Goo splitting the bottom bottom 
row of (|39|) ■ For instance, we could choose a to be for some i = 1, . . . , r where aj is the 
composition of cui with the inclusion 1 + pZp ^ and the surjection Goo — ^ Goo- Thus, 
whether or not a actually equals for some i, we may clearly assume w.l.o.g. that it is 
chosen to satisfy 

a{x) = ai{x)\K^ e Gal(i^oo/i^n2-i) for all x G 1 + p"-^Zj, and all i e {I, . . . ,r} (40) 

Given such a splitting a, the assignment x ^ (x|a,X ° ct) defines a map Gj^ ^ A"'' x F"!" 
which is clearly bijective. We denote hj 6 x E Gj^ the inverse image of [6, tp) E A'' x F"'' 
under this bijection. 

The first step in proving Theorem 14.11 is to break down Equation (jHTj) by characters 
(linearly extended to the group ring). If rj E AqGoo Q^oo(-^) then for any (?^, ?^) G Z x Z>^2 
we have 



2^ . 




For each character x ^ we define an integer n{x) G Z>_i by 

n(x) := max{ordp^(f(x)) : i = 1, . . . ,r} - 1 

= min {/ > — 1 : X factors through Gal{L\^^ / k) for z = 1, . . . , r} 

= min{/ > -1 : (x o ai)|i+pi+izp = 1 for i = 1, . . . ,r} (42) 

Naturally, '1 +p°Zp' is to be interpreted as Z^ in the third equality (which then follows from 
the definition of cij. The second equality follows from f{x) = f{K^^^^^), Equation and 
the fact that G(^oo/A;)|,+^ = Gal(^oo/^f^), by Lemmas and Ol) If A is any quotient 
group of Goo we shall regard elements of as elements of Gj^ by inflation. In particular, if 
X G Glo ^iid ip eT'' then n{x) and n{ip) make sense. 

Lemma 5.1 Suppose x is any element of G}^ with x = ^ x ■?/' and n G Z with n > n2 — 1. 

(i). We have the equivalences: {n{ip) > n) (V^(l + p^^^Zp) ^ {!}) <^=> {n{x) > n). In 
particular n{ip) > ri2 -v^ n{x) > n2, and in this case n{x) = n{ip) = min{/ > n2 : 
7/^(1 +p'+%) = {!}}. 

(a). We have the equivalences: {n{ip) < n) 4^ in{x) ^ n) 4^ {x factors through Gn)- 
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Proof Part [(i)] follows easily from (j4(Jj) and the third equality in (j42|) . The first equivalence 
in part |(ii) I follows from |(i)| For the second, the definition of n(x) and Lemma f4.3l|(iii)| show 
that ^ n) ^ {x factors through Gal(-K'„//c) = GaA{Ln^ /k) Vi) ^ {x factors through 

Ga\iKr,nK^/k) = Gn). □ 

The following result establishes the right-hand equation of (j4H) in a particularly easy case 
(the proof is deferred). 

Proposition 5.1 Suppose that {171,11) G Z x Z>„2 and x ^ factors through Gn- If 
n{x) < n then x($n,p("^)) = and xCR-i-mAv)) = for all rj e Aog^ Q£oc{K)- ^ 



Let Gl^ = {x G Gl^ : n{x) > ^2} and T'^ = {ijj G V"^ : n{'ijj) > 112}. Then Lemma I5.1l|(i)| 
implies that the bijection Gj^ — A"!" x P"'' restricts to a bijection G^ — > A"!" x T^. We shall 
consider functions Z x ^ Cp and say that such a function G is of Iwasawa type if and 
only if there exists a power series c(T) with bounded coefficients in some finite extension 
of Qp such that G{m,^p) = c((l + + p)'^ - 1) for every (m,^') G Z x P^. (The 

series converges because ip takes values in /ipoo.) We write Iwa(Z x T^) for the set of all 
such functions, considered as a Qp-algebra under pointwise operations. By the Uniqueness 
Principle, c(T) is unique given G, if it exists. Note also that the role of (1 + p) in this 
definition could be played by any topological generator of 1 +p'Zp: the power series c would 
change but the set Iwa(Z x T^) would not. For each 6' G A''' we define a function 

Ge : ZxT^ — > Cp 

(m,^) I — > ^(x)~^(iVf(x)4)^"™x('^'nW,pM) wherex = ^x^GG^^ 

Note that here and in what follows, the set T is implicit and equal to Tp. Therefore the 
notations f(x)) f(-^)) f(-^n) etc. represent the prime-to-p parts of f(x)? f(-^)? f(-^n) eic. 
Similarly T>' denotes the prime-to-p part of V, which equals V by Condition (j33|) (or 
In particular iVf(x)4 = N{f{x)V'). For each ^ G At and G Aqg^o Q^oo(^) we define 

Ge,^ : Z X Pt — > Cp 

KV^) ^ 45=^(x)^'(iVf(x)4y-™x(7^l-™,„w(r/)) wherex = ^x^GGL 

V"fc 



Proposition 5.2 For each 6' G A^ the function Gg lies in Iwa(Z x P^) □ 

Proposition 5.3 For each 6^ G A^ and every rj G AqGoc Q^oo(-^) the function Ge,r] lies in 
Iwa(Z X Pt) ~ □ 
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The proofs of Propositions 15.21 and 15.31 are also deferred while we show how, along with 
Proposition 15.11 they imply Theorem 14.11 First note that for any choice of {mjip) in Z x V^, 
6 in and rj G AqGoo '^^ooi.K), the character x = 6^ x factors through Gn{x) = (by 
Lemma f5.1|) and we have the equivalences: 

2** 

X (*n(V),p("i)) = ^5=X (^l-m,n(V.)(!Z)) (^1*^ ^ = 6* X ^Z^) (43) 
V"fc 

^ ce{{i + pr^ii + pr' - 1) = ce,,((i + prtpil + py - 1) (44) 

where ce and c^,,, are the power series whose existence is implied by the statements of 
Propositions 15.21 and 15.31 respectively. Suppose that i]^ is an element of Aqg^o ^^oo{K) 
such that ()37|) is satisfied for an infinite subset Y, say, of Z x Z>„2 and let Y' be the inverse 
image of this set under the map Z x P-l- — Z x Z>„2 sending (m, ip) to (m, n{ip)). Lemma I^TD 
shows that this map is surjective so, in particular, Y' is also infinite. But the equivalence (j4H) 
shows that Equation ()43p holds for each {m,il)) G Y\ with 1] = t]^ and any 6 G A"!". Hence 
the same is true of Equation ()44|) . Since the map {m^ip) i— ^ ((1 + p) (1 +p)~^ — 1) is 
injective on Y\ it follows that for any 6 G A^, the power series cg and ce^ri^ agree at infinitely 
many a G Cp with |a|p < 1. The Uniqueness Principle therefore implies that cg = cg^ri^ for 
all 6 G A"!". Hence Equation ()44|) holds with f] = rj^ for any G A"!" and {m^ip) G Z x F-l-. 
Hence the same is true of Equation ()43p. In other words, for any n > n2, the condition 

X ($n,p(m)) = -^x (ni-mA%)) Vm G Z (45) 

is satisfied by all x ^ G'Jq with n(x) = n. But by Lemma 15.11 again, any other character 
X G Gl^ factoring through G„ must have n{x) < 'n, in which case Proposition 15.11 implies 
that it satisfies trivially. Thus the equivalence (PT|) shows that Equation (jHTj) must hold 
with rj = 7]^ for all m G Z and all n > n2, as required. 

In order to prove Proposition 15.21 we first evaluate the term x (^n(V'),p("^)) the defi- 
nition of Cglmjip). If L is an infinite abelian extension of k and q a prime ideal of O then 
for each v G [— l,oo) we denote by G{L/k)^ the vth ramification subgroup (in the upper 
numbering) of GaA{L/k), namely the inverse limit of the G{L'/ky^ as L'/k runs through all 
finite subextensions of L/k. If q f p and v > then the fact that koo/k is unramified at q 
implies that G{Koo/k)'"^ is contained in A and so maps isomorphically onto G{K/ky^. This 
implies in particular that for any ^ G AMt makes sense to define an ideal f{9) of O which 
is prime to p by 

ordq(f (6*)) = min{f G N : G{Koo/ky^ C ker(^^)} for all primes q of O not dividing p. (46) 

Let X = ^ X G so in particular 6 = x\a- Since f(x) = f(i^oo''''^''^) and G{K^/ky^ C A 
for each q\ p and all f > 0, it follows from ()24|) and that 

fix) = ne) (47) 
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(where f (x) denotes the prime-to-p part of f(x)). If x li^s in then n{ip) > n2 and x 
factors through The definition of n{x) shows that ordp.(f(x)) = n{x) + 1 = n{ip) + 1 

for some i, hence for alH = 1, . . . , r, by ()27p with n = n{ilj). Therefore 



X 



On the other hand, Equations ^ and ^ show that f(/s:„(^)) = f„(^) = f(ir)p"(^)+^C. 
Thus, applying Proposition 12.11 (replacing K by Kn(-^) and T by Tp) we find that \)q = O 
and (with a slight change of notation) Equation Q gives 

^ G (m, ^/') e Z X X = ^ X ^ ^ 

X($„w,p(m)) =(?(x)(iVf(x)4)"-' n i?e,q(m,V^)L,(m,x) (49) 

q prime 
q|f'(K), qtf'(9) 

where, for each 6 E and prime ideal q \ pf'{0) of (9 we define the function 
5e,q : Z X — y Cp 

(m, V^) I — > 1 - ^j^^y_„, where x = ^ x ^ e G'*^ 

For any x G Z^ we set i{x) := logp(x)/logp(l + p) E Zp so that (1 +p)^(^) = (x). We shall 
need two simple lemmas. 

Lemma 5.2 For each 9 E A'^ and q \ pf'{9) the function Bg^d lies in Iwa(Z x F-l-) 

Proof Let Lq be the inertia subfield of q in Koo/k so that Lq D /cqo and the decomposition 
group G[Lc^/k)~^ is (infinite) procyclic with canonical topological generator ciq, say, given by 
the Frobenius at primes above q in every finite sub-extension. We fix a lift 5"q G Goo of CTq and 
let 5q = 5-qa(aq|fc^)^"'^ G A. Note that CTqlfe^ G Gal(A;oo//i;) identifies with (A^q) G 1 +pZp un- 
der Let ^ G A"!", (m, -i/;) G ZxP-l- and x = ^x-?/;. The condition q f pf (6') = pf{x) means that 
X factors through Gal(Lq/A;) and x(q) = x(f^q) = x(5-q) = ^('5q)V^(^q|fcoo) = 9{5c^)'^p{{N(\)). 
Thus Be,q{m,ij) can be written as 1 - ^(5q)-i(iVq)-i ((1 + p)™^(l + p)-i)^^^'^\ The lemma 
now follows from the fact that (1 + T)^(^'') G Zp[[T]]. □ 

Suppose that U is an open and closed subset of Z^ and G Meas([/, L) for some finite 
extension L of Qp. We shall write /[/^ for the function Z x F-^- — >• Cp sending {m,ip) to 
/^.^^(x)-V^((x))rf/x. 

Lemma 5.3 For U , fi as above, the function lu^^ lies in Iwa(Z x F-'-). 
Proof If x G Zp then the Binomial Theorem gives 



oo ^ 

(x)-V^((x)) = ((1 +p)™v^(l +p)-i)"^W = ^ ( 

t=0 ^ 



t 



((I + prij(i + p)-^ 
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where the series converges uniformly as a function of x G with values in Zp [■?/']. There- 
fore, Iu,f,{m,^lj) may be written as Y.'Zo^u,fiAi^ + + p)"^ - 1)* where Cu,f,,t = 

J^^jj I ^ j djj, G L is bounded as a function of t. □ 
For each 6 G A\ Equation (|49p implies that for every {m,ilj) G Z x r-l- 

Ceim,tP)= II Be,,im,^)Lp{m,e^) (50) 



q prime 
q|f'(K), C|tf'(e) 



The proof of Proposition 15.21 now splits into two cases according as 9 is or is not the trivial 
character. 

Case 1: 7^ 1 In this case the Proposition will follow from ()50|) and Lemma 15.21 once we 
have proven 

6^1 =^ the map Z x P-^- 9 (m, ij)) 1— > Lp(m, 9 x ip) is of Iwasawa type. (51) 

We now deduce this implication from the results of [Rij §4]. To do this properly, we first 
need to connect our notations and set-up with those of ibid. For Ribet's ideal '/' we take 
f{9)pO so that Ribet's group 'G" identifies with Qe^oo '■= Gal{)Cg^oc/k) where /Ce^oo is the 
union over n of the strict ray-class fields over k modulo f'{9)p^~^^0. For every G P^ the 
element of which we denote 9 x ip factors through Gdl{K^^^^^ /k) and since /Ce^oo clearly 
contains K^^^^\ we may regard 9 x as a.n element of QI ^. In particular, we shall take the 
character of Qe^oo denoted 'e' by Ribet to be 6' x 1. Our group P (identified with 1 + pZp) 
coincides with Ribet's. His splitting of Qe^oo as T x A' (with A = Gal{ICg^oo/koo)) depends on 
the choice of a splitting homomorphism a, say, from P to ^e,oo- We may (and shall) choose 
a to be a lift of the injective homomorphism P — > Gal(i^^'^^^''/A;) obtained by composing our 
map a : P — s> Goo with the natural surjection G^o Gal{K^^^^^ / k) . Any ip G inflates 
to ip & QI ^ which is trivial on A and the above choice means that element of QI ^ denoted 

^ipe^ in Ribet's notation coincides with 9 x ip. Moreover, if ip lies in then ()48|1 shows that 
the prime factors of f{9 x ip) are those of f{9)pO, so that the complex function which would 
be denoted 'L{s,ipey by Ribet in this situation (See pp. 179 and 186 of [Ell) is exactly 
equal to our primitive L-function L(s, 9 x ip) (see e.g. |So4t §2]). Interpolating this equality 
p-adically for s in the dense subset J^{p) of Zp, it follows that (in an obvious notation) 

^p,Ribet("^, ^e) = Lp{m, 9 xip) V (m, ?/>) G Z x P^ (52) 

Now, 9^1 implies that 'e is non-trivial on A' and so, taking Ribet's generator '7' of P to be 
l+p, his statements (4.9) and (4.10) imply in this case that there exists a power series 'F^iTy 
with coefficients in i? = Zp[6'] such that -Lp^Ribet(s, ipe) = F^{ip{l +p){l +p)^~^ — 1) for all s G 

Zp and Ip G P*. Hence, if ^ 7^ 1, Equation ^ gives Lp{m,9l<i!) = ce{{l+p)"'ip{l+p)~^ -1) 
for all {m,ip) G ZxP*, where Ce{T) = F,{{l+p){l + T)-^ -1) G Zp[e][[T]], thus proving (jHT|l . 
Case 2: 9 = 1 . The comparison of our set-up with Ribet's, and in particular Equation 
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goes through exactly as in Case 1. Since Ribet's 'e' is now the trivial character of Qe^oo 
however, his statements (4.9) and (4.10) do not apply directly. On the other hand, since 
now f{9) = O, the product in (jSUj) extends over the set of all prime divisors q of f{K) 
and Condition p5|) says that this set is non-empty. So if we fix qo dividing f'{K) then 
Proposition 15.21 will follow from Lemma 15.21 and Equations and provided we can 
show that 

the map Z x 3 {m,ip) Bi^^ioi^y '^)Lp,Rihct{^, i^) is of Iwasawa type. (53) 

The field /Ce,oo = K^i,oo is now the union over n of the strict ray-class fields over k modulo 
pn+iQ_ (temporarily) write vr for the natural surjection from Qi^oo = Gal(/Ci,oo/fc) to T 
(identified with 1 + pZp) and ctq for the element of Gi^oo which is the limit of the Frobenius 
at primes above qo in finite subextensions. For each (m, ip) & Z x we substitute m for s, 
(To for 'c' and ip for 'e' in Ribet's (4.6) to obtain (in our notation) 

(1 - ^(ao)(iVqo)^-™)Lp,Ribet(m,7/i) = [ n{yY~"'^p{y)dX,, 

where Ao-q is a (bounded) measure on the group Qi^oc with values in Qp as constructed by 
Ribet. We use n to push forward the measure n{y)X^g{y) on Qi^oo to one on 1 + pZp giving 

an element /io-o) say, of Meas(l+pZp, Qp). Since also ipico) — (1 x '?/;)(qo) by definition, the 
last equation may be rewritten 

Multiplying both sides by i?i,q(,(m, ■?/') — 1 and using Lemmas 15.21 and 15.31 establishes (fS^ . 
This completes the proof of Proposition 15.21 

We now introduce some notation and two lemmas that will be used in the proofs of 
Propositions 15. ll and For any n G N and any (p-adic) character ip G {Z^Y with 

1 + p^+^Zp C kei ijj we choose a set Rn of representatives for Z^ modulo 1 + p"+^Zp and 
define the Gauss sum 

g^ij) := J2 C>(«)"' e Cp 
which is clearly independent of the choice of Rn- 

Lemma 5.4 Suppose that n>l and 1 + p^Zp C keitp. Then Qni'^P) = 0. 

Proof If Rn is a set of representatives as above then, since n > 1, so is i?^ := {m + p" : 
u G Rn}- Since ipi^u) = %Ij{u + p") we get 

but Co 7^ 1, so gnW = 0. □ 

For 2 = 1, . . . , r we let Pi be the unique element of A lifting the Frobenius element above pi 
in Gal(L«/fc) (see (jSl). 



27 



Lemma 5.5 Suppose i G {1, . . . ,r}, 6 E and e G Soo{K). Then there exists a measure 
l^i.e,e £ Meas(Zp , H^^\9)) depending only on i, 6 and e_ and such that for any n G Z>„2 and 
for all {m^ip) G Z x F''' satisfying n{il)) < n, we have 

X (A,i-m,nfe)) = gn{x ° a^)e{pi)-'' i {xY~'^{x o ai){x)d^ii^e ,e (54) 

where x = ^ x V'- 

Remark 5.1 Lemma 15 .11(11)1 ) Implies that x factors through Gn so the L.H.S. of ()54j) makes 
sense. It also Implies that n(x) < so gnix^cni) makes sense, by The proof will show 
that /ii,6i,e actually depends only on 6*1^. 

Proof As explained above, the conditions of the Lemma allow us to regard x as a char- 
acter of Goo (hence of Goo) factoring through G„. The definition of £j^i_m,n therefore gives 
X {l^i,i-ra,n{.^) = ZK'^ (c*') )™""^'^i^-m,n (^^^(e) )x(5-) where a runs through any set of repre- 
sentatives for Goo modulo Gal(i^'oo/-^n)- Choose a set Rn of representatives for modulo 
1 -l-p^+^Zp. Then It follows from and the definition of that {ai{u)d : u G -R„, d G A} 
Is a set of representatives of Goo niodulo ai{l + p^^^'Lp) = fn^ which equals Gal(-ft"oo/-^n) 
since n > n2 — 1. It follows that 

X (A,l-m,n(£)) = [Kn : K^r' $^(«)"'"'<^l-m,n(^,«.(M)4)(X ° a,){u)-'e{dy' 

= a-' $^(w)™"V""^'""/i*(r.a.(M)4;vr„)(xo«.)(M)-i0(J)-i 



where a := [Kq : K] = [Kn : Kn] Vn. The action on fj,poo shows that fiai{u) = k ^{u)Ti. 
(Recall that k denotes the Lubln-Tate Isomorphism from Gal{H'^ / H^^'>) to Z^ .) Therefore 
Lemma Ogives £>^-™/i*(fiai(M)4; vr„) = (M)^-™£'^-™/2.*(fi4; C - 1) and so 



X (A,l-m,n(^)) = ^(xotti)(^^) ^D^' 



-^^e(rf)"V""/i*(^i4;^) 



Now for any v G Uoo{H^^^) it is clear that (j)~'^g{v] ^) = gi'P'^Hi ^) and hence that the same 
equality holds with g* in place of g on both sides, hence the same with h* in place of g. 
Moreover, it is easy to see that 4>~^fi = fip~^. Therefore 

a-^^e(rfyV~"/i*(ri4;^) = a-^^^((i)-i/i*(f,p-"4;^) = eipi)-''F{i,e,e;X) 



deA 



deA 



where F{i,9,e; X) is defined to be the power series a ^ J^deA^i^) ^h*{Tide; X), which lies 
in A*{H^^\9)). (Since p is odd, a divides p — 1, from which it follows easily that F(i, 9, e; X) 
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actually has coefficients in the ring of valuation integers of H^^\9\^).) Thus F{i,6,e;, X) 
corresponds to an element of Meas(Zp , H^''\9)) which we denote /ii,e,e- As explained above, 
the formalism of the power series/measure correspondence implies that D^~"^F[i,6,e] X) 
corresponds to the measure and also that the value of a power series at C — 1 

(for any ( G fipoo) is equal to the integral of the function x against the corresponding 

measure. Putting all this together, we obtain 



i,ti,e 



But, for any x E , the set {xu : u G -R„} is clearly another set of representatives of 
modulo 1 + p"'~^^Zp and Equation follows. □ 

We can now prove Proposition 15.11 The general form of an element r] G AqGoo ^^oo{K) is as 
in (j2H). The second equality of Proposition 15. II will follow by linearity of 7^i_m,„ if we can 
prove it in the special case 

2 = A ... A with £i, G Soo{K) (55) 

so that, for any m E^L, n Z>„2 and x ^ G'J^ factoring through G„ we may write 

X(7^l_r^^,n(^)) = det(x(A,l-m,n(£i)))L=l (56) 



Suppose n{x) < Then on the one hand x = ^ ^ ^ with n('ip) < n (by Lemma l5.1l|(ii)| ) 
so each term x('^i,i-m,n(£z)) in may be calculated by means of (jSH). On the other hand 
Equation (jl^ implies that for all i we have l+p"Zp C ker(xo(5j), hence gn{x°'^i) vanishes by 
Lemma Thus x(A,i-m,n(£z)) = for all i, I, m, hence the equality x(J^i-m,n{v)) = 0- 
the other equality in Proposition 15. H we note that since n(x) < n, Equations (jl^ and 
imply that for some i one has ordp-(f(x)) < n + 1 = ordp.(f„), i.e. f{x)\Pi^fn- (In fact, this 
must hold for for all i by (|27p. since n > 722). The equality x{^n,p{^)) = therefore follows 
from (lllj) (c/. the proof of Proposition 13. ip . This completes the proof of Proposition 15.11 

For Proposition 15.31 we introduce two new functions as follows. For each 9 E A\ 
i = l,...,r and e G £oo{K) we define Eq, DiQ^^ : Z x P-l- ^ Cp by setting Eg{m,ip) = 
(iVf (^)4)'-'"^((iVf(^)4)) and Aa.KV^) = i~^^{xy-'^ixoa.dix)dfi^,e,ewithx = 0x^e 
and fii^^e as in Lemma 13751 

Lemma 5.6 For each i = 1, . . . ,r, 9 E A'^ and e E £oo{K) the functions Eg and Di^^^ are 
of Iwasawa type. 

Proof Clearly, Eg{m,ip) = ee{{l + p)"'ip{l + p)^^ — 1) where eg{T) is the power series 
{Nf{9)dk)il + T)-^(^f(^)'^^) G Zp[[r]]. Thus Eg lies in Iwa(Z x P^). As for if x G Z^ 
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then, with our identifications, we find <yi{x)\k^ = (x) = <y{{x))\k^- It follows that the formula 
i^iix) := ai{x)\K^(^{{x))^^ defines a homomorphism z/j : — > A (trivial on 1 + p^'^Zp, 
by iOD). Thus if X = ^ X ^ e then (x o a,){x) = x{a^{x)\KJ = {0 o z/,)(x)V'((x)). 
Therefore, if {m,tp) E Tj x and x = 6' x we have Di g i;{m,ip) = J^x , {m^ip) where 

f^'i,e,e ^ Meas(Zp , ifW(6')) denotes the measure {x){9 o h'i){x)fii^g^e{x), which depends only on 
i, 9 and e_. The result now follows from Lemma f5. 31 □ 

To prove Proposition 15 . 31 we may again assume (by linearity) that r] is as in Combining 
Equations and (with n = n^ip)) and using also (jTTj) and the definitions of -Di,e,e 
and £"61, we find that for all 9 G A"'', and all (m, ip) E Z x 



Cg^ri{m,llj) = 



dk 



Ee{m,ij) det(A,9,£;("^,^))[,, 



where, as usual, x denotes 9 x ip. By Lemma 15. 6t the proof of Proposition 15.31 will be 
complete once we have proven that the quantity in square brackets is of Iwasawa type, when 
considered as a function of {m,ip). However it is evidently independent of m so this comes 
down to showing 

Proposition 5.4 For each fixed 9 E A'^ the quantity 

r r 
1=1 i=l 

(with X = 9 X ip) is independent of the character ip E 

To prove this, we fix G A"!", and suppose that x = ^ x G for some G F^. Recall 
that the character x is regarded as a (primitive) character of the ray-class group Clf(^^){k) 
with values either in C or (via j) in Cp and that the p-adic global Gauss sum which we are 
denoting g{x) is simply the embedding by j of the complex sum attached to x as defined 
in |So3i §6.4]. In the notation of the latter we therefore have 

9{x) = ^jie(TT^k/Q{a)))x{[af{x)^Kx))~^ 

where e{x) = exp{27rix) and R is any set of representatives in k for 'T(f(x), 2^~^)', namely 
the points of k/T>~^ whose (9-annihilator is exactly f(x)- As explained in ibid., for any a E R 
the ideal af(x)2^ is integral and prime to f(x)- Furthermore its class [af(x)^^]f(x) in ^h{x)i^) 
depends only on the class a + V^^ G k/V^^ as, of course, does e(Trfc/Q(a)). Let us fix, for 
each G A^, an element xg of k satisfying 

ordq(xe) = -ordq(f(^)r') for all primes q|f(^), (57) 
ord^ixe) > for all q f f'{9) and (58) 
ordp-(xe — 1) > n2 for i = 1, . . . , r (59) 
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These conditions imply that mm{oidc^{p~'^^'^^~^xg),OTdq{'D~^)} = oidc^{p^'^^'^^~^f{9)^^'D~^) 
for every prime q of O. (In the case q\p, note that not only f'{6) but also V and xg are prime 
to p, by Conditions (jH^ and (jSHI))- Using (jlHj) we obtain 

in other words p~"^^^~^xe generates f(x)^^P^Y^^^ ^ (free, rank-1) ((9/f(x))-module. It 
follows easily that we may take R to be p^"'^''^^^^xgRj(_^) where Rf(x) is any set of represen- 
tatives in O of {0/f{x))^- Thus, dropping 'j' from the notation once more, we can rewrite 
9{x) as 

g{x) = J2 e(Trfc/Q(p-"W-ix,6))x([x,6f(0)P]K^))-i 

= x(Nf(^)2^]fw)-^ J2 e(p-"(^)^^Tr,/^j(x,6))x([&0]f(,))-^ (60) 

It will be necessary to compare this explicit expression for the global Gauss sum with the 
product of the local Gauss sums gn(^){x ° ^i) s^*^- Such a comparison is hard to find in the 
literature. To establish the precise connection we shall therefore recall some basic facts and 
notations from the idelic framework of class field theory. For any finite abelian extension M 
of k and each place v oik we write for the completion of M at some prime w dividing 
V and = <fv,M/k for the local reciprocity map from k^ to Gal(M^/fct,) identified with the 
decomposition subgroup G{M/k)~^ of Gal(M/A;) above v. This is independent of the choice 
of w given v and, as v varies, the maps ^p^ give rise to a well-defined global map v^AZ/fc from 
the idele group Id(A;) of k to Gal(M/fc), by sending the idele (a„)^ to Y\vVv,M/k{.0'-v)- It is 
well-known that ^pM/k is surjective and that ker(y9A,f/fc) contains k^ (embedded diagonally). If 
M/k is abelian but infinite, we shall still denote by ^pu/k the (not-necessarily-surjective) map 
from Id(A;) to Gal(M/A;) which is obtained as the limit of the ^pi/k over finite sub-extensions 
L/k. Similarly, we shall still write ^Pv,M/k '■ k^ G{M/k)^^ C Gal(M/A;) for the limit of 
the local reciprocity maps ^Pv,L/k- The content c(a) of an idele a = {av)v E Id(fc) is defined 
to be the fractional ideal c(a) = q°'''ii("i) where the product runs over all prime ideals q 
of O (identified with the corresponding finite places). Now let f be an ideal of O. Every 
a G Id(A;) can be written as xd where x E k^ and d = (d^)^ G ld{k) satisfies d^ E 1 + fO^^ 
for each f |f. We define 7f(a) to be the class [c(rf)]f in Clf(/c) of the content of d. This gives 
a well-defined, surjective homomorphism 7^ : Id(A;) — > Clf(A;) for which one checks that the 
composite with the Artin isomorphism Cl^{k) —>■ Gal(A;(f)/A;) is nothing but 'Pk{f)/k- 

Now the character x = ^ ^ i' ^ G^L as above may be inflated to Goo or 'descended' to 
GaA{Kx/k) where C k{f{x)) H -^00 is the subfield that it cuts out. The above remarks 
(together with the compatibilities of ipK^/k, Vk{f{x))/k, VR^/k and ^K^/k with the various 
restriction maps) show that, in our notation, 

X o 7f(x) = X o ^k^/k = X° fK^/k (61) 

For each i = 1, . . . , r the embedding (really j o n) of k in Qp extends to an isomorphism 
kpi Qp which we shall denote fj. 
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Lemma 5.7 Supppose that a = (a^,)^, G Id(A;) is an idele satisfying > for every real 
place V ofk. Then fj^^/f^ia) acts on fXpoc as Nc{a)Y[l=iT'iicipi)^^ G ■ 

Proof We write Qoo instead of Q(/ipoo). The properties of ip imply that v^fe^/fc(a)|Q^ = 

^Qoc/Q^^f'/Q^) = ^Qoc/q(^) where s = is the rational idele Nc{ay^Nk/Qa G Id(Q). 

But Sq G for every prime number q and Soo > 0. Therefore v^q_^/q(s) acts on /ipoo by 
Sp^ = Nc{a) 111=1 ^i{(^p^)~^■ (For the last statement, see §5.7, Ch. VII of |C-Fj . In fact since 
every g 7^ p is unramified in Qoo/Q it follows that (p^ q^/qi^v) = 1 for each place v ^ p. So 
'^Qoo/q(-) ~ V^p Qoo/q("^p) which indeed acts as by local class field theory. See the Remark 
of §7, Ch. Xiv'of [SeJ or §3.7, Ch. VI of (dE].) □ 

For each 6 G /c^ and i = 1, . . . ,r we write 6^*^ G ld{k) for the idele with entry b^^ {not 
h) at the place pj and 1 everywhere else. If 6 is a local unit at pj {resp. h = p) then the 
above lemma shows that v^^^/^, (&'■*■') acts by rj(6) {resp. acts trivially) on /Xpoo. Moreover, 

(PL(^)/k{k^^^) = V^pi,L(»)/fc(^~^) equals 1 {resp. equals the inverse of the Frobenius above pj) by 
local class field theory, since L^^'^/k is unramified at p^. We conclude: 

^K^/kih.^'^) = a^{r^{b)) G f« for all b prime to p,, and = Pi' G A (62) 

For any b & k^ we also define b {resp. 6') to be the idele with entry b~^ at every place dividing 
pf'{6) {resp. dividing f'{6)) and 1 everywhere else, so that 6 = 111=1 • ^ prime to 
f(x) for X £ G^L (^■^- to (^)) then it is easy to check that 7f(x)® = [^C^]f(x) ^o, by (jUTj) . 

6 G ^ X([fe0]f(x)) = = xiVK^b-)) n (63) 

1=1 

On the other hand, if b is prime to f'{6) then for every prime ideal q|f (6'), local class field 
theory gives 'Pq,Koc/k{b^') ^ G{Koo/k)'^ C A and, moreover, if ordq(6 — 1) > ordq(f (^^)) then 

'P'q,K^/k{b^^) lies in G{Koo/k)'^'''^^^^^''^ hence in ker^ by It follows easily that there 

is a well-defined homomorphism 6' : {0/f{6))^ C^, depending only on 6, which sends 
the class b G (O/f (^))^ to ^(^.^^/^(fe')) = xi^K^b:)) = x{Vk^/M))- Combining © 
with ()63p. we obtain 

r 

b G ^ x{[bO]Kx)) = 9'{b) l[{x o a.){n{b)) (64) 

i=l 

Note also that (p>^ x^/i.{p~^) lies in G{Koo/k)l C ker(6') for every t> \ pf{0) hence so also must 
^Koo/k{p)- Regarding A as a subgroup of A by restriction as usual, it follows that 

r r 

e'{p) = e{vKMi)) = X{o{vk^/,{^'^))-' = X{o{p^) (65) 

i=l i=l 

by dni. 



32 



We turn attention to the first factor of the summand in (j6(J|) . Define f'{0) G Z>i by 
f{e) n Z = f'{e)Z. Since f'{e)xg C V-^ (by §3) and (jSHD) we may also define a function 

6 I — > j{e{Tik/Qixgb))) 

and set 

gie';xe):= Yl ^'(bWiby' 

where Rf(e) is any set of representatives in O of {0/f{9))^. (Clearly, g{9';xg) depends only 
on 6 and the choice of xe). 

Lemma 5.8 For any h E O and n Efi, we have 

r 

e{p—^i:i{xeh)) = ap-''-'b) n C/""''^ (66) 

1=1 

Where Tr = Tik/Q, b denotes the class of b in 0/f'{6), 'e ' stands for joe and % ' for j o n 
as usual. 

Proof Note that Ti{xgb) lies in Zp by ()58p so (n^^"^"^ makes sense. We need to prove that the 
two roots of unity, e(p~"~^Tr(x6(6)) and ^'(p^"~^6)^iP*-^''''^ are equal. But their p^+^th powers 
are clearly equal, and so are their /'(^)th powers (note that f'{6)TT{xgb) is an integer). Since 
^pu+i^ /'(^)) = 1, the result follows. □ 

Now, if X = 6* X e then, as b runs through Rf{x), so the image of b in (O/f (6*))^ and 
the images of Ti{b) (for r = 1, . . . , r) in /(I + p"-^'^'>~^^Zp) all run through these quotients 
independently of each other. Therefore, fixing any sets -Rf (e) and Rn{^) of representatives for 
these quotients and substituting and (p3|) (with n = nijp)) into the R.H.S. of (jUUI) we 
obtain 



ap~<^^-^b)9'{h)-^ n (Cw' o «.)(r,(6)) 



9{X) = x(Nf(^)^^]f(x))-^ E 

( \ r 

= x(M'(^)i^]t(x))-M E e'r"^'^^-^fe)e'w-M n E C(!;)^"(xoa.)H-^ 

r 

= x(Nf (^)2^]f(x))"'^^'(j>)""^^^"'^?(^^'; a:e) n[(x ° ^i)in{xo))gni^){x ° «.)] (67) 

i=l 

(which shows incidentally that g{9';xg) ^ 0). Rearranging (jU7|) and using and the fact 
(from (pOI) and (jSHI)) that (x o (5j)(rj(x6))) = '?/'(rj(x0)) for each 2, we find 

r r 

gix)-' n ° n ^(A)~"^^V((ivf (^)4))"' = 

i=l i=l 
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i=l J 

Finally, for each 6* G A"!" we fix an idele = {iie,v)v E Id(/c) such that yg^i, = 1 for all places 
V which are infinite or divide pf'{6) and c{y^) = xgf'{6)V. Then 

X([a;ef (^)P]kx)) = x(7f(x)(y,)) = xiVKMh^) (69) 

by ()61|). Also, keeping in mind our identification of F with via k, etc., Lemma f5. 71 gives 

V>KMh>)\k^ = {<Vk^/ki]ig))) = m/QXe\Nf'{e)dk) = Nk/QXe{Nf'{e)dk) G F 

so that the element zg := (pKoc/k{yg)c({Nk/QXg{Nf'{9)dk))~^ lies in A. Using Equation (jU^ . it 
follows that the third factor on the R.H.S. of (|UHj) equals xi^e) = ^i^e) and so it depends only 
on 6, not on ip (in fact, it is even independent of the choice of y^ given 6). But the other two 
factors on the R.H.S. of (|68|) are also independent of ip so we have proven Proposition 15.41 
hence also Proposition 15.31 hence also Theorem 14.11 



6 Semilocal Weakenings of PI and P2 

The aim of this section is to explain the weaker 'semilocal' variants of properties PI and 
P2 namely PI and P2 which were mentioned in the introduction. We shall also indicate 
how the constructions and results of Section |3 may be adapted to obtain (for example) an 
analogue of Corollarv 14. II which assumes only P2. 

For fixed p 2 and any number field F, we write U{F) for the p-semilocal unit group 
(Zp OfV and U^^\F) for its Sylow pro-p subgroup. We identify these respectively with 
the products n<p|p^(-^'p) and n«p|p ^^^H-^??) local {resp. the principal local) units in 

the completions of F at all primes ^ dividing p. Any embedding l : F Cp defines a 
natural homomorphism U{F) —>■ U{Cp) which we shall denote T. (In the product realisation, 
L extends to an embedding of P«p Cp for a unique prime and Tis obtained by composing 
this map with the projection U{F) — > f/(P(p).) Also, we shall denote by IA^{F) the inverse 
limit of U^^\Fn) over n > ni{F,p) with respect to the maps U^^\Fn) — ^ U^^^Fm) coming 
from the products of the local norms. 

Now suppose K/k and p satisfy p4|) . (fT3j) and ()16|) then, for each n > rii we endow 
U^^\Kn) with the usual structure of ZpG^-module and let a„ : E{Kn) U'^^\Kn) denote 
the ZG„-homomorphism which is the composite of the natural map E{Kn) U{Kn) with 
the usual projection of U (Kn) on U^^\Kn). (Thus ker(a„) = {±1} and Leopoldt's conjecture 
- which we need not assume here - predicts that Im(a„) spans a Zp-submodule of co-rank 
1 in U^-^\Kn).) The map /\^a„ gives rise to an obvious QG„-linear map 6„, say, from 
Aqg„ Q^(^n) = Q ®z AzG„ ^i^n) to Qp Az,G„ ^^'^(^n)- Now u!^\k) is naturally a 
module for the completed group-ring Zp[[Goo]] (namely, the inverse limit over n > ni of the 
rings ZpGn w.r.t. the natural restriction maps ZpG„ — > ZpGm)- We may therefore form the 
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(70) 

exterior power Azp[[Goo]] ^(xi\k) which is equipped with a natural map /3„ to AzpG„ U^^^K^) 
for each n > rii. Furthermore, the map a^o = hma„ : Soo{K) lA^ {K) naturally defines a 

homomorphism 600 from /\zg^ £-oo{K) to Azp[[Goo]] have the commutative 

diagram (fTUjl where we have extended /3„ Vn > ni and 600 linearly to the tensor products. 
We formulate 

Property Pl{K/k,p) There exists an element r) G Qp (S>Zp Azp[[Goo]] ^'^'^^ that, for 

every n > ni we have Pniv) = i>n{r]n) where rjn lies in and is a solution of Cl{Kn/k,(!i) 
(the unique solution inV^) i.e. 



2r 




Rnijin) Vn > Ui 



(We say that r) demonstrates Pl{K/k,p)). 

Remark 6.1 This property is implied by Pl{K/k,p). Indeed, if 77 demonstrates Pl{K/k,p) 
then clearly 6oo('7) demonstrates Pl{K/k,p). However the converse implication is not obvi- 
ously true. For example, Pl{K/k,p) at most implies that the p-part of the denominator of 
Tjn is bounded as b ^ 00. (Compare Remark fH.H|l . 

One way to formulate P2{K/k,p) would simply be to replace the above condition that 
rjn G be a solution of Cl(-ft'„/A;, 0) Vn > niin by the requirement that p'^enTjn be a so- 
lution of C2{Kn/k,Tp,p) \/n > ^2, or indeed the equivalent equation involving Rn,p{en'Un)- 
There is, however, a neater, equivalent formulation, using the fact that the map Rn,p can 
be 'extended' to Qp Azp[G„] ^'■^''(-^") (^-^^ '^^ factors through Indeed, for each 

i = 1, ... ,r we may 'extend' \K^/k,i,p to a ZpGn-linear map XKn/k,i,p '■ U^^\Kn) Cp by 
replacing the embedding jfi with jfi in the definition of XKn/k,i,p- Then we obtain a unique 
QpG^-linear regulator map Rn,p = RK„/k,p from Qp (S)Zp AzpG„ ^^^H-^n) to CpG^ by setting 

-Rn,p(l ® {ui A ... A Ur)) := det(AA-„/fc,j,p('Us))[^^]^. It should be clear that Rn,p o bn = Rn,p- 
For all K/k and p satisfying (HH), (fT^ and (11^) we formulate 
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Property P2{K/k,p) There exists an element f] E Qp Azp[[Goo]] (-^) '^'"^^ that, for 
every n > n2, /3„(r)) lies in &n(K?) '^'^'^ satisfies 

JWdk) 

(We say that fj demonstrates P2{K/k,p)). 

Remark 6.2 The exact analogue of Proposition 13. 21 now holds, namely one may replace PI 
by PI and P2 by P2 (and rj by fj) in the statement of this proposition, the proof remaining 
essentially the same. 

Next, we strengthen the hypothesis (fT^ to ()33|) and sketch the analogues of some of the 
constructions of Section HI Just as before, for any i = 1, . . . ,r and u = {un)n G U^{K), 
we use the norm maps to L^*^ for > n > to extend the subsequence {un)n>N (where 
= max(ni,n2 — 1)) to an element of U^(Lq^). Then we apply jfi to get an element of 
f/oo(-?^^*'*). The analogue of Lemma 14.41 obviously holds with u and jfj in place of y_ and 
jfi. Thus for any (t,?^) G Z x Z>„2 we get a well-defined homomorphism Ci^t,n '■ U^{K) 
OMi)Gn by simply replacing jfi by jfi (and e G SooiK) by m G U^iK)) in the definition 
of Ci^t,n- The analogue of Equation holds with Ci^t,^ ^K„/k,i,p and e replaced by Ci^t,n, 
^Kn/k,i,p and u respectively. Moreover, we have 

Lemma 6.1 For eachi,n,t as above, the map Ci^t,n is 'Lp\\Goo'\\-li'near with7jp\\Goo\\ acting 
on the group-ring through the quotient Z„G„. 

Proof (Sketch.) Ci,t,n is clearly Zp-linear and also Goo-linear with Goo acting through the 
G„. In particular, it is ZpGoo-linear. Let J„ = ker(Zp[[Goo]] ^pG-a)- Then Zp[[Goo]] = 
ZpGoo + in so it suffices to prove that jCi^t,n{zu) = for all u G U^\k), z G /„. But n > n2 
implies that Gal(i^'oo/-f^n) is isomorphic to Zp, with topological generator 7„, say, and a 
compactness argument (for example) shows that = (7^ — l)Zp[[Goo]]- Thus jC.i^t,n{zu) = 
Ci^t,n{{ln - l)z'u} = ti^t,n{lnz'u) - ti^t,n{z'u} = siuce the image of 7^ in G„ is 1. □ 
It follows that for each (t, n) G Z x Z>„2 there is a unique, well-defined Qp Zp[[Goo]]- 
linear higher regulator map TZt^n from Qp Azp[[Goo]] CpG„ satisfying 7tt^„(l ® 

{u^A... Au^)) := det{Ci^t,n{lLs))i s=i- should be clear that TZt^n 'extends' 'Rt^n in the sense 
that iZt^n ° boo = T^t,n- Moreover, the analogue of Lemma [4.51 holds, namely 

7^o,n(^) = Pn,p(e„4(^)) G Qp Az,[[G..]]^i'n^), Vn > n2 (71) 
The (hypothetical) relation (jTTj) is of course replaced by the following one, for r) G Qp 

2^" 

$„,p(m) = 7^l_^,„(r)) (72) 

JWdk) 
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and the most important thing to check is that Theorem 14.11 now extends as follows. 

Theorem 6.1 Suppose that K and p satisfy ^14\ ), ^B) o-nd \3^) . For a given element 

f] G Qp Azp[[Goo]]^°°''(-^)' Equation f7^ holds for all pairs (m, ra) G Z x Z>„2 if and only 
if it holds for infinitely many such pairs. 

Proof The key Lemma 15.51 in the proof of Theorem 14.11 works with u G IA^{K) and 
i^i,i-m,n in place of e G £oq{K) and £i,i-m,n- Indeed, the construction of the required 
measure (now Hi^^u} works exactly as before because, crucially, it depends only on the power 
series attached norm-coherent sequences of local units (now those coming from jfj applied to 
u and its various Galois conjugates). Having thus 'extended' this lemma, the other aspects 
of the proof Theorem 14. II go across identically, mutatis mutandis, as the reader may verify. □ 

Finally, from Equation (jTlj) and Theorem 16.11 we deduce the following analogue of Corol- 
lary lO 

Corollary 6.1 // (fTTP , ^E) and ^S^) hold and r) G Qp Azp[[Goo]]^°°^(-^)) demonstrates 
P2{K/k,p) then it satisfies Equation (|7ij| ) for all {m,n) G Z x Z>„2- n 
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